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Algorithmic Differentiation V

Objective and Learning Outcomes

Objective

Engineering

» Introduction to second-order adjoints of multivariate scalar functions and
implementation with dco/c++

Learning Outcomes

» You will understand

» second-order adjoints in tangent-of-adjoint, adjoint-of-tangent and
adjoint-of-adjoint modes.

» You will be able to
> implement second-order adjoints with dco/c++.
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Second-Order Adjoints

[Approximate] Tangents of Adjoints

A second derivative code

@ .
fay

R"XxR"xRx R— R x Rx R x R™",

generated by algorithmic differentiation in tangent-of-adjoint mode computes
y

f(x)
@) f'(x) - x(2)
y _ ) @\ _
ng - f(]_) (X,X 7y(1)7y(]_)) -
(1)

ya - f'(x)

x(2) Yy - F(x) + }/((12)) - F(x)
Finite differences applied to adjoints yield approximate second-order adjoints.

The computational cost of accumulating the Hessian in either finite
difference-of-adjoint or tangent-of-adjoint modes is O(n) - Cost(f).
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Tangents of Adjoints

Derivation

Algorithmic differentiation of the first-order adjoint

F(x)
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(x(yTl)> - <f'(

in tangent mode (differentiation of f/(x)

(2)T =7 N |,®]=
X(1) Y
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-

R" — R") yields
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Implementation

#tinclude " dco.hpp”
#include " Eigen/Dense”

template<typename T, int N>
void f_a(const Eigen::Matrix<T,N,1>& x_v, T& y_v, Eigen::Matrix<T,N,1>& dydx);

template<typename T, int N>
void f_a_t(const Eigen::Matrix<T,N,1>& x_v, T& y_v, Eigen::Matrix<T,N,1>& dydx_v,
Eigen::Matrix<T,N,N>& ddydxx) {
using DCO_T=typename dco::gtls<T>:type;
auto n=x_v.size();
Eigen::Matrix<DCO_T,N,1> x(n), dydx(n); DCO_T y=0;
for (auto i=0;i<n;i++) x(i)=x-v(i);
for (auto i=0;i<n;i++) {
dco::derivative(x(i))=1;
fa(x,y,dydx);
for (auto j=0;j<n;j++) ddydxx(j,i)=dco::derivative(dydx(j));
dco::derivative(x(i))=0;
}
for (auto j=0;j<n;j++) dydx_v(j)=dco::value(dydx(j));
y_v=dco::value(y);

}
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Approximate Tangents of Adjoints o | RWNTH

Implementation
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#tinclude "dco.hpp”
#include " Eigen/Dense”
#include <limits>

template<typename T, int N>
void f_a(const Eigen::Matrix<T,N,1>& x_v, T& y.v, Eigen::Matrix<T,N,1>& dydx);

template<typename T, int N>
void f_a_cfd(Eigen::Matrix<T,N,1>& x, T& y, Eigen::Matrix<T,N,1>& dydx, Eigen::Matrix
<T,N,N>& ddydxx) {
auto n=x.size();
for (auto i=0;i<n;i++) {
T dx=fabs(x(i))<1 ? sqrt(std::numeric_limits<T>::epsilon())
: sqrt(std::numeric_limits<T>::epsilon())*fabs(x(i));
T yd;
Eigen::Matrix<T,N,1> dydxp(n), dydxm(n);
x()+=dx; f_a(x,yd,dydxp); x(i)—=2xdx; f_a(x,yd,dydxm); x(i)+=dx;
for (auto j=0;j<n;j++) ddydxx(j,i)=(dydxp(j)—dydxm(j))/(2*dx);

f_a(x,y,dydx);
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Second-Order Adjoints

Adjoints of [Approximate] Tangents

A second derivative code

) R" X R"x Rx R— R x Rx R”" x R**"

generated by algorithmic differentiation in adjoint-of-tangent mode computes

y f(x)
y@ " W @ f'(x) - x(1)
=) (%, xY, y2), = T
X(2) () ( 2) Y(z)) y((Ql)) VSR F(x) + vy - F/(x)
(1)
X@2) yo) F(x)

An adjoint of a finite difference approximation of the first-order tangent yields
an approximate second-order adjoint.

The computational cost of accumulating the Hessian in either
adjoint-of-finite-difference or adjoint-of-tangent modes is O(n) - Cost(f)
(O(n?) - Cost(f) if implemented naively).
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Adjoints of Tangents

Derivation

Algorithmic differentiation of the first-order tangent

y\_( f)
y@ ) 7\ F(x) - xD)
in adjoint mode yields
y
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Adjoints of Tangents

Implementation

While adjoints of tangents can be implemented with dco/c++ the
mathematically equivalent® tangent-of-adjoint mode of algorithmic
differentiation is typically preferred.

Implementation with dco/c++ exploits the seamless nesting of derivative types
as dco::gtls<dco::gals<double>::type>::type.

T
14(2) Yay - f”(x)

_ .
=Y X

T 1
M. 7(x) for Yy = y((z)) and x® = x(®)
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Second-Order Adjoints
Adjoints of Adjoints

A second derivative code

fu2): R"x R"x Rx R— R x R™" x R"”" x R,

generated by algorithmic differentiation in adjoint-of-adjoint mode computes
y

= flu2) (% X(1.2), Yy, Ya.2)) =
Y(1,2)

f'(x) - x
is O(n) - Cost(f).

The computational cost of accumulating the Hessian in adjoint-of-adjoint mode
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Adjoints of Adjoints

Derivation
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Algorithmic differentiation of the first-order adjoint

<<y>) - ( (ngX) )

in adjoint mode (differentiation of x( 1 € R" instead of x(1) € R™") yields

d Yy

X <X(T1))
(2) ) = T N OV
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f/(X)T'
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o) 58—
Y)

d(f/(X)T'Y(l))
dy1) } X (1 2) " dy(1)

implying with f/(x)7 - yq) =

f'(x)" and X(EQ) . f’(x)T = f'(x)

1) = f'(x) - x1,2)
(X(z)) _ (Y@ 0 xfgy vy ()
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X
f'(x) - x .
(1.2)
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Adjoints of Adjoints

Implementation

While adjoints of adjoints can be implemented with dco/c++ the
mathematically equivalent? tangent-of-adjoint mode of algorithmic
differentiation is typically preferred.

as dco::gals<dco::gals<double>::type>::type.

Implementation with dco/c++ exploits the seamless nesting of derivative types

2,7

Yy ) =% T -y - (%) for x@) = xq 5.

Algorithmic Differentiation V, info@stce.rwth-aachen.de

«O>» «F»r «

i
1y
v

DA

17



Outline

saemons | IRANTHL
et
ety

Summary and Next Steps

Algorithmic Differentiation V, info@stce.rwth-aachen.de

DA

18



Algorithmic Differentiation V
Summary and Next Steps

Summary

implementation with dco/c++

» Introduction to second-order adjoints of multivariate scalar functions in
tangent-of-adjoint, adjoint-of-tangent and adjoint-of-adjoint modes and

Next Steps

» Download and inspect sample code.
» Run you own experiments.

» Continue the course to find out more
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