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Engineering

Objective and Learning Outcomes

Objective

» Introduction to direct Hessian compression by star-coloring of the
adjacency graph

Learning Outcomes

» You will understand

» HESSIAN COMPRESSION
» star-coloring of adjacency graph
» proof of correctness of star-coloring.

» You will be able to

» star-color adjacency graph
» derive corresponding seed matrices for second-order adjoints.
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Recall: Accumulation of Hessians
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Accumulation of Hessians

Finite Differences

The Hessian

d2f d2f
" __ gn — _ nxn
f"=f"(x) = 0 (x) (dx,-dxj (x)) €eR

of a twice continuously differentiable multivariate scalar function f : R" — R
can be approximated at a given point X € R" as a (central) finite difference

approximation of the Jacobian of a (central) finite difference approximation of
the gradient

df df
! gt - — 7 n
ff="Ff(x)= dx(x) <dx,- (x)) €R
of :
d>f 2~ (Xt e - Ax) — G(X— e Ax)
dx;dx; - 2 Ax; '

e; denotes the j-th Cartesian basis vector in R".
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Accumulation of Hessians

[Approximate] Tangents of [Approximate] Tangents

A second derivative code f12 : R" x R" x R" x R" - R x R x R x R,
generated in tangent-of-tangent mode of Algorithmic Differentiation (AD)
computes

(2)
}}i(l) — f(1,2)(x’ x(2),x(1),x(1’2))
y(172)
as
y f(x)
2 f'(x) - x()
ywop F(x) - x)
)/(1"2) () () - x(2) + f/(x) - x(1:2)

Note: In context of chain rule both y(*) and y( required and non-vanishing
x(12); £7(x)T = f"(x) as f twice continuously differentiable

The computational cost of accumulating the Hessian in tangent-of-tangent
mode is O(n?) - Cost(f).
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Accumulation of Hessians

[Approximate] Tangents of Adjoints

A second derivative code

£2) .
(1)

R"XxR"xRxR— Rx R x R x R",

generated by algorithmic differentiation in tangent-of-adjoint mode computes
y

(2) ) (2)
!

y ( ) @)\ _ f( )+ x

XEég - fi ) (X7X 7}’(1)7)’(1)) -

X(1)

(%)
-
Xy - f”(x) + v (%)
Finite differences applied to adjoints yield approximate second-order adjoints

The computational cost of accumulating the Hessian in either finite
difference-of-adjoint or tangent-of-adjoint modes is O(n) - Cost(f)
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Accumulation of Hessians
Adjoints of [Approximate] Tangents

A second derivative code

) R" X R"x Rx R— R x Rx R”" x R**"

generated by algorithmic differentiation in adjoint-of-tangent mode computes

y f(x)
y@ " W (1) f'(x) - x(1)
= f X, X ! ) ) = T
X(2) 2 ( ) )’(2)) Y((zl)) K F7(x) + y2) - F(X)
1
X(2) Yoy - /(%)

An adjoint of a finite difference approximation of the first-order tangent yields
an approximate second-order adjoint.

The computational cost of accumulating the Hessian in either

adjoint-of-finite-difference or adjoint-of-tangent modes is O(n) - Cost(f)
(O(n?) - Cost(f) if implemented naively).
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Accumulation of Hessians
Adjoints of Adjoints

A second derivative code

fu2): R"x R"x Rx R— R x R™" x R"”" x R,

generated by algorithmic differentiation in adjoint-of-adjoint mode computes
y
X(1)

f(x)
= f y ’ ) =
X0 w2) (% X2 Yy Y1.2)
Y(1,2)

Y 'Tf'(x)
Y@ - (%) + %) -y - (%)

f/(X) . X(1,2)
is O(n) - Cost(f).

The computational cost of accumulating the Hessian in adjoint-of-adjoint mode
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Accumulation of Sparse Hessians
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Accumulation of Hessians
Going Sparse

Let F” € R™" have the symmetric sparsity pattern P € {0,1}"%".
Sparsity can be exploited in [approximate] tangent of [approximate] tangent
mode by computing the nonzero entries exclusively.

Exploitation of sparsity is useful if the computation of P followed by the
into account.

computation of of F” undercuts cost of evaluating F”” without taking sparsity

For example, dense second-order adjoint mode might defeat sparse
second-order tangent mode.
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Accumulation of Sparse Hessians
HESSIAN COMPRESSION Problem

Let F” € R™" have the symmetric sparsity pattern P € {0,1}"%".

Find B" € R™/ sith. F” can be recovered from C" = F” - Bf ¢ R™/" and
the cost of

computation of P
computation of Bf

computation of Cf

vvyyvyy

recovery of F”

undercuts the cost of evaluating F” without taking sparsity into account.

For example, dense second-order adjoint mode might defeat sparse
second-order adjoint mode.
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Hessian Compression
Example

do,0 40,1 402 403
F — 40,1 41,1
40,2 azo

203 ass)  (o——)

Note distance-1 coloring of the adjacency graph G,(F") as special case of
star-coloring of G,(F").

30,0 40,1 402 Q03 10 30,0 Z?:l ao,i
F'.Bf — a0,1 41,1 01 _ | @, a

ao,2 e 01 ao,2 a2

a0,3 a3 01 ao,3 a33

... works due to symmetry
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Hessian Compression cnnenmares | IRNNTH

for Computational
Engineering

Star-Coloring

A star-coloring of G,(F"') is a distance-1 coloring of G,(F") such that every
path of (vertex-)length four has at least three colors.

Example:
a0 a01 a6 0001 ao1 a06 aoo
a1 an an als 1000 an an ao1
a;p axn axn azs 0100 ai + ax + ax axn

ax  ass asg 1000 as3 a3 asg

au ag  ags ag7 0010(_ EIV
as as5  ass asg 1000 ass as asg
a6 366 67 0100 a7 366 a06
as7 as7 ar7 ars 1000 arr a7 arg
asg arg ags agy 0001 asg + arg agy  ags
asg agy  agg 0010 asg agy  agg

All values can be recovered directly as every value a; ; = a; ; is given explicitly
J =4
at least once, i.e, either a;; or a;; is available.
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Hessian Compression o
Star-Coloring e

Toe
oo

See lecture for sequential coloring with largest first vertex ordering and colors
ordered as red, blue, green, yellow.

See A. Gebremedhin et al.: What Color is your Jacobian? SIAM, 2005 for
sequential coloring algorithm and heuristics for ordering vertices.

In the following we focus on proving correctness of star-coloring of G,(F”) as a
feasible technique for Hessian compression.
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Star-Coloring of G,(F")

Proof of Correctness

snemros | IRANTH

Engineering

Consider a non-distance-1 coloring of G,(F").

Let (i,/) € E,, that is, a; j = aj,; # 0. Suppose same color for / € V; and
JE V..

aii ai 1 aii +aij
3j,i 3, - 3j,i + 3y
= neither a;; nor a;; available.
Hessian Compression, info@stce.rwth-aachen.de «O>» «F»r» «E>» «E>» E DAl
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Star-Coloring of G,(F")

Proof of Correctness

Consider necessity of three colors per path of (vertex-)length four.

There are (g) = 6 ways to bi-color a path of (vertex-)length four, namely
l.oooo

0oo0o0

0000

0000

0000

A e o

0O0O0O0

Options 1-4 are non-distance-1 colorings (hence out). Options 5 and 6 are
structurally equivalent. Hence, only one of them needs to be investigated
further; w.l.o.g. option 5: 0 0 0 o.
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Star-Coloring of G,(F")

Proof of Correctness

Consider a corresponding two-coloring for a path of (vertex-)length four: 0 0 o
o.

From
aii  aij 10 aii aij
i djj djk 0 1| _ [aita« ajj
akj Akk Ak, 10 ak,k akj+ a,
ark a 01 ajk aj

follows that neither a; x nor ay; are available.

We conclude that three colors per path of (vertex-)length four is a necessary
condition for Hessian compression.
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Star-Coloring of G,(F")

Proof of Correctness

Consider sufficiency of three colors per path of (vertex-)length four.

There are (g) - 21 = 12 ways to three-color a path of (vertex-)length four.

Six are distance-1 colorings. The remaining six are pair-wise symmetric leaving
the following three scenarios to be investigate in detail:

l.ooo0o0
2. 0000

3. 0000

Hessian Compression, info@stce.rwth-aachen.de «Or «Fr «E»r <

A 21



Star-Coloring of G,(F")

—
Proof of Correctness
Consider 0 0 0 o.
aji dij 1 0 0 aj i aj j 0
aji 3 ajk 0 1 0 _(aitak a; O
akj Akk Ak, 1 00 Ak akj Ak,
aj k apl 0 01 al k 0 aj |
= a;j = aj; and ayj = aj « are available.
Hessian Compression, info@stce.rwth-aachen.de «O>» «F»r» «E>» «E>» E DA 22



Star-Coloring of G,(F") e | RWNTH

oo
Proof of Correctness

Consider o o 0 o

aji aij 1 0 0 i daij 0
i 4jj ajk 0 1 0] _[a,; a; a«
akj Ak Akl 0 01 ak, Ak Ak
EIN aj | 1 00 ajl 0 al k
= all nonzero entries are available.
Hessian Compression, info@stce.rwth-aachen.de «O>» «F»r» «E>» «E>» E DAl



Star-Coloring of G,(F") orensres | RWTH
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Proof of Correctness

Consider oo 0 o

di,i  dij

, 1 0 O aji aj j 0
aji 3y ajk 0 1 0f_ [a aj aj k
akj akk Akl 0 0 1 0 axj+ak akk
ajl k aj | 01 0 0 ap| aj k
= ajx = ax,j and a;x = ax, are available.
Hessian Compression, info@stce.rwth-aachen.de «O>» «F»r» «E>» «E>» =
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Star-Coloring

for Computational

Exa m pl e e
* ok e a sequential col-
* K * Kk ‘ oring with lowest-
* degree first ordering
* a a and colors ordered
* * as red, green, blue.
* * *
a0 401 1 ap,0 4ol
di10 d11 d12 di4 dips Z ceeo A1l
a1 a2 a3 1 | a2 a1 a3
az2 ass ass N Z ce as;3
as 1 as 4 1 ass  as
as 1 as 3 as 5 1 as5  as1 as3
Hessian Compression, info@stce.rwth-aachen.de «F = = = 9DaA¢ 25



Star-Coloring

Implementation

Software and Tools

for Computational

Engineering

ColPack

https://github.com/CSCsw/ColPack

implements a range of coloring methods for Hessian compression.

details.

See A. Gebremedhin et al.: What Color is your Jacobian? SIAM, 2005 further
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Summary and Next Steps
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Engineering

Summary and Next Steps

Summary

» Direct Hessian compression
» Star-coloring of adjacency graph
» Proof of correctness of star-coloring

» Seed matrices for second-order adjoints

Next Steps

» Practice star-coloring.
» Get familiar with ColPack.

» Continue the course to find out more ...
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