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Algorithmic Differentiation

Primals

We aim to compute second and higher derivatives

kf
f[k]z%, k=2,3,...
X

of scalar primal target functions f(x,p) : R X R" — R with active x € R and
with passive parameters p € R" .

The primal function is assumed to be sufficiently often (continuously)
differentiable at all points of interest.

Whenever possible and without loss of generality, we omit p during the
discussion of theory and algorithmics in order to simplify the notation.

This sets the stage for subsequent generalization to multivariate vector
functions of the form

F(x,p): R"x R" — R™.

Introduction to AD, info@stce.rwth-aachen.de «Or «Fr «E»r <
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Second-Order Tangent

Definition

nnnnnnnnnnnn m
Second-order tangents (tangents of tangents)

f12) RxRxR— R:
of

Y12) = F12)( (1) (2]

f:R—=>R: y=f(x)
are tangents of f() in direction x(@, i.e,

where

Y12 = FL2) () (@)Y = 1) 7). 2

’ 2
f'(x) = Z—f(x) _ 4
X

The superscript *(?) is used to denote first-order tangents of (1),
Second-order tangents carry the superscript *(12) = x(1)

2
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Second-Order Tangent

Derivation

Differentiation of

y = f(l)(X7X(1)) = f'(x) x@®
with respect to x in direction x? yields

(x) - x(1)
Z(oxt) X = : (Xd)xx X
#.X(z) — D () <@
X

This formulation assumes no dependence of x(1) on the source

context yielding a vanishing first order contribution to y(12).

Introduction to AD, info@stce.rwth-aachen.de

Context-sensitivity will be discussed later for multivariate vector functions
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Tangents of Tangents with dco/c++
Cheat Sheet

Softar and o
Ereang
y f(x
yo | = F(x) - XD
Y(1.2) X0 F7(x) - x(2)
%
value derivative
v v
value’/ \:1erivative value'/ \derivative
v v(@ v v(12)
Introduction to AD, info@stce.rwth-aachen.de «O>» «F»r» «E>» «E>» E DAl




Second-Order Tangents with dco/c++

Driver

snemros | IRANTH
et

Engineering

#include "f.hpp"

template<typename T, typename PT>

void second_derivative(T &x_v, const PT &p, const PT &w, T &dx, T &ddx) {

}

#include "h_main.hpp"

it
v
a
i
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Second-Order Tangents with dco/c++ o | RWNTH

Driver

#include "f.hpp"
#include "dco.hpp"

template<typename T, typename PT>

void second_derivative(T &x_v, const PT &p, const PT &w, T &dx, T &ddx) {
using DCO_BT=typename dco::gtls<T>::type;

}

#include "h_main.hpp"
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Second-Order Tangents with dco/c++ —
Driver o

#include "f.hpp"

#include "dco.hpp"

template<typename T, typename PT>

void second_derivative(T &x_v, const PT &p, const PT &w, T &dx, T &ddx) {

using DCO_BT=typename dco::gtls<T>::type;
using DCO_T=typename dco::gt1s<DCO_BT>::type;

}

#include "h_main.hpp"
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Second-Order Tangents with dco/c++ —
Driver o

#include "f.hpp"

#include "dco.hpp"

template<typename T, typename PT>

void second_derivative(T &x_v, const PT &p, const PT &w, T &dx, T &ddx) {

using DCO_BT=typename dco::gtls<T>::type;
using DCO_T=typename dco::gt1s<DCO_BT>::type;
DCO_T x=0;

}

#include "h_main.hpp"

it
v
a
it
v
Uy

Introduction to AD, info@stce.rwth-aachen.de «O» «Fr <

DA

11



Second-Order Tangents with dco/c++ o | RWNTH

Driver

#include "f.hpp"
#include "dco.hpp"

template<typename T, typename PT>
void second_derivative(T &x_v, const PT &p, const PT &w, T &dx, T &ddx) {
using DCO_BT=typename dco::gtls<T>::type;
using DCO_T=typename dco::gt1s<DCO_BT>::type;
DCO_T x=0;
dco::value(dco: :value(x))=x_v;

}

#include "h_main.hpp"
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Second-Order Tangents with dco/c++ o | RWNTH

Driver

#include "f.hpp"
#include "dco.hpp"

template<typename T, typename PT>
void second_derivative(T &x_v, const PT &p, const PT &w, T &dx, T &ddx) {
using DCO_BT=typename dco::gtls<T>::type;
using DCO_T=typename dco::gt1s<DCO_BT>::type;
DCO_T x=0;
dco::value(dco: :value(x))=x_v;
dco::value(dco: :derivative(x))=1.;

}

#include "h_main.hpp"
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Second-Order Tangents with dco/c++ o | RWNTH

Driver

#include "f.hpp"
#include "dco.hpp"

template<typename T, typename PT>
void second_derivative(T &x_v, const PT &p, const PT &w, T &dx, T &ddx) {
using DCO_BT=typename dco::gtls<T>::type;
using DCO_T=typename dco::gt1s<DCO_BT>::type;
DCO_T x=0;
dco::value(dco: :value(x))=x_v;
dco::value(dco: :derivative(x))=1.;
dco::derivative(dco::value(x))=1.;

}

#include "h_main.hpp"

it
v
a
it
v
Uy

DA

Introduction to AD, info@stce.rwth-aachen.de «O» «Fr <

14



Second-Order Tangents with dco/c++ o | RWNTH

Driver

#include "f.hpp"
#include "dco.hpp"

template<typename T, typename PT>
void second_derivative(T &x_v, const PT &p, const PT &w, T &dx, T &ddx) {
using DCO_BT=typename dco::gtls<T>::type;
using DCO_T=typename dco::gt1s<DCO_BT>::type;
DCO_T x=0;
dco::value(dco: :value(x))=x_v;
dco::value(dco: :derivative(x))=1.;
dco::derivative(dco::value(x))=1.;
f(x,p,w);

}

#include "h_main.hpp"

it
v
a
it
v
Uy

DA

Introduction to AD, info@stce.rwth-aachen.de «O» «Fr <

15



Second-Order Tangents with dco/c++ o | RWNTH

Driver

#include "f.hpp"
#include "dco.hpp"

template<typename T, typename PT>
void second_derivative(T &x_v, const PT &p, const PT &w, T &dx, T &ddx) {
using DCO_BT=typename dco::gtls<T>::type;
using DCO_T=typename dco::gt1s<DCO_BT>::type;
DCO_T x=0;
dco::value(dco: :value(x))=x_v;
dco::value(dco: :derivative(x))=1.;
dco::derivative(dco::value(x))=1.;
f(x,p,w);
x_v=dco: :value(dco::value(x));

}

#include "h_main.hpp"
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Second-Order Tangents with dco/c++ o | RWNTH

Driver

#include "f.hpp"
#include "dco.hpp"

template<typename T, typename PT>

void second_derivative(T &x_v, const PT &p, const PT &w, T &dx, T &ddx) {
using DCO_BT=typename dco::gtls<T>::type;
using DCO_T=typename dco::gt1s<DCO_BT>::type;
DCO_T x=0;
dco::value(dco: :value(x))=x_v;
dco::value(dco: :derivative(x))=1.;
dco::derivative(dco::value(x))=1.;
f(x,p,w);
x_v=dco: :value(dco::value(x));
dx=dco: :value(dco::derivative(x));

}

#include "h_main.hpp"
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Second-Order Tangents with dco/c++ o | RWNTH

Driver

#include "f.hpp"
#include "dco.hpp"

template<typename T, typename PT>

void second_derivative(T &x_v, const PT &p, const PT &w, T &dx, T &ddx) {
using DCO_BT=typename dco::gtls<T>::type;
using DCO_T=typename dco::gt1s<DCO_BT>::type;
DCO_T x=0;
dco::value(dco: :value(x))=x_v;
dco::value(dco: :derivative(x))=1.;
dco::derivative(dco::value(x))=1.;
f(x,p,w);
x_v=dco: :value(dco::value(x));
dx=dco: :value(dco::derivative(x));
ddx=dco: :derivative(dco: :derivative(x));

}

#include "h_main.hpp"

it
v
a
i
v
Uy

DA

Introduction to AD, info@stce.rwth-aachen.de «O» «Fr <

18



Second-Order Tangents with dco/c++ o | RWNTH

Engineering

Driver

© N o G s W N e

#include "f.hpp"
#include "dco.hpp"

template<typename T, typename PT>
void second_derivative(T &x_v, const PT &p, const PT &w, T &dx, T &ddx) {

}

#include "h_main.hpp"

./h_tt.exe 1.1 1 0.5
0.650594 -0.502455 -1.93886

Note: second-order finite differences, finite differences of tangents, tangents of

finite differences

Introduction to AD, info@stce.rwth-aachen.de «O» «Fr <
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State the tangent of tangent AD model for y = sin(x).
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Adjoints of Tangents
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Adjoints of Tangents

Definition o Computaoal
Second-order adjoints (adjoints of tangents)
1 1
Y RxRxR—R: xp =3 0xx,y0))
of
f.

"R—>R: y=1f(x)
are adjoints of (1) in direction y(()) [
X(2) = f((l))(x x1) y((zl) xW. f(x) ,
The subscript *(3) is used to denote first-order adjoints of f

Second-order adjoints carry the mixed super-/subscript

(1

)
Introduction to AD, info@stce.rwth-aachen.de
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Adjoints of Tangents

Derivation

nnnnn

mmmmmmmm

Adjoint differentiation of

YO = FD (x, xD) = £(x) - xD

with respect to x in direction y(l) yields

@
) "(x) - x(D
o df ! df’(x) - x
@ =Y g G = T
df’(x)
=y - x® i~ =y XM ().

This formulation assumes no dependence of x(1) on the source
context yielding a vanishing first order contribution to x().
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Adjoints of Tangents with dco/c++
Cheat Sheet

s i f(X) (1)
y® f'(x) - x
X(2)

v
value derivative
v v(D
vaIue/ \::Ierivative va|u<-_:/ \::Ierivative
v V(2) v(D v((zl))
Introduction to AD, info@stce.rwth-aachen.de «O>» «Fr» «E>» «E>» E DA
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Adjoints of Tangents with dco/c++ receree | RWTH

for Computational
Engineering

Driver

1 template<typename T, typename PT>
2 void second_derivative(T &x_v, const PT &p, const PT &w, T &dx,T &ddx) {
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21}
Introduction to AD, info@stce.rwth-aachen.de «O>» «(Fr «=» «E» E DA 25



Adjoints of Tangents with dco/c++ receree | RWTH

for Computational
Engineering

Driver

template<typename T, typename PT>
void second_derivative(T &x_v, const PT &p, const PT &w, T &dx,T &ddx) {
using DCO_BlM=typename dco::gals<T>;
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Adjoints of Tangents with dco/c++ e | RWNTH

Driver

template<typename T, typename PT>

void second_derivative(T &x_v, const PT &p, const PT &w, T &dx,T &ddx) {
using DCO_BlM=typename dco::gals<T>;
using DCO_BT=typename DCO_BM: :type;
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Adjoints of Tangents with dco/c++ receree | RWTH

for Computational
Engineering

Driver

template<typename T, typename PT>

void second_derivative(T &x_v, const PT &p, const PT &w, T &dx,T &ddx) {
using DCO_BlM=typename dco::gals<T>;
using DCO_BT=typename DCO_BM: :type;
using DCO_BTT=typename DCO_BM: :tape_t;

it
v
a
it
v
Uy

DA

Introduction to AD, info@stce.rwth-aachen.de «O» «Fr <

28



Adjoints of Tangents with dco/c++ e | RWNTH

Driver

template<typename T, typename PT>
void second_derivative(T &x_v, const PT &p, const PT &w, T &dx,T &ddx) {
using DCO_BlM=typename dco::gals<T>;
using DCO_BT=typename DCO_BM: :type;
using DCO_BTT=typename DCO_BM: :tape_t;
using DCO_T=typename dco::gt1s<DCO_BT>::type;
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Adjoints of Tangents with dco/c++ e | RWNTH

Driver

template<typename T, typename PT>
void second_derivative(T &x_v, const PT &p, const PT &w, T &dx,T &ddx) {
using DCO_BlM=typename dco::gals<T>;
using DCO_BT=typename DCO_BM: :type;
using DCO_BTT=typename DCO_BM: :tape_t;
using DCO_T=typename dco::gt1s<DCO_BT>::type;
DCO_T x_in;
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Adjoints of Tangents with dco/c++ e | RWNTH

Driver

template<typename T, typename PT>
void second_derivative(T &x_v, const PT &p, const PT &w, T &dx,T &ddx) {
using DCO_BlM=typename dco::gals<T>;
using DCO_BT=typename DCO_BM: :type;
using DCO_BTT=typename DCO_BM: :tape_t;
using DCO_T=typename dco::gt1s<DCO_BT>::type;
DCO_T x_in;
dco::value(dco: :value(x_in))=x_v;
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Adjoints of Tangents with dco/c++ e | RWNTH

Driver

template<typename T, typename PT>
void second_derivative(T &x_v, const PT &p, const PT &w, T &dx,T &ddx) {
using DCO_BlM=typename dco::gals<T>;
using DCO_BT=typename DCO_BM: :type;
using DCO_BTT=typename DCO_BM: :tape_t;
using DCO_T=typename dco::gt1s<DCO_BT>::type;
DCO_T x_in;
dco::value(dco: :value(x_in))=x_v;
dco::value(dco: :derivative(x_in))=1.;
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Adjoints of Tangents with dco/c++ e | RWNTH

Driver

template<typename T, typename PT>
void second_derivative(T &x_v, const PT &p, const PT &w, T &dx,T &ddx) {
using DCO_BlM=typename dco::gals<T>;
using DCO_BT=typename DCO_BM: :type;
using DCO_BTT=typename DCO_BM: :tape_t;
using DCO_T=typename dco::gt1s<DCO_BT>::type;
DCO_T x_in;
dco::value(dco: :value(x_in))=x_v;
dco::value(dco: :derivative(x_in))=1.;
DCO_BM: :global_tape=DCO_BTT: :create();
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Adjoints of Tangents with dco/c++ e | RWNTH

Engineering

Driver

template<typename T, typename PT>
void second_derivative(T &x_v, const PT &p, const PT &w, T &dx,T &ddx) {
using DCO_BlM=typename dco::gals<T>;
using DCO_BT=typename DCO_BM: :type;
using DCO_BTT=typename DCO_BM: :tape_t;
using DCO_T=typename dco::gt1s<DCO_BT>::type;
DCO_T x_in;
dco::value(dco: :value(x_in))=x_v;
dco::value(dco: :derivative(x_in))=1.;
DCO_BM: :global_tape=DCO_BTT: :create();
DCO_BM: :global_tape->register_variable(dco::value(x_in));
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Adjoints of Tangents with dco/c++ e | RWNTH

Engineering

Driver

template<typename T, typename PT>
void second_derivative(T &x_v, const PT &p, const PT &w, T &dx,T &ddx) {
using DCO_BlM=typename dco::gals<T>;
using DCO_BT=typename DCO_BM: :type;
using DCO_BTT=typename DCO_BM: :tape_t;
using DCO_T=typename dco::gt1s<DCO_BT>::type;
DCO_T x_in;
dco::value(dco: :value(x_in))=x_v;
dco::value(dco: :derivative(x_in))=1.;
DCO_BM: :global_tape=DCO_BTT: :create();
DCO_BM: :global_tape->register_variable(dco::value(x_in));
DCO_BM: :global_tape->register_variable(dco: :derivative(x_in));
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Adjoints of Tangents with dco/c++ e | RWNTH

Engineering

Driver

template<typename T, typename PT>
void second_derivative(T &x_v, const PT &p, const PT &w, T &dx,T &ddx) {
using DCO_BlM=typename dco::gals<T>;
using DCO_BT=typename DCO_BM: :type;
using DCO_BTT=typename DCO_BM: :tape_t;
using DCO_T=typename dco::gt1s<DCO_BT>::type;
DCO_T x_in;
dco::value(dco: :value(x_in))=x_v;
dco::value(dco: :derivative(x_in))=1.;
DCO_BM: :global_tape=DCO_BTT: :create();
DCO_BM: :global_tape->register_variable(dco::value(x_in));
DCO_BM: :global_tape->register_variable(dco: :derivative(x_in));
DCO_T x=x_in;
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Adjoints of Tangents with dco/c++ e | RWNTH

Engineering

Driver

template<typename T, typename PT>
void second_derivative(T &x_v, const PT &p, const PT &w, T &dx,T &ddx) {
using DCO_BlM=typename dco::gals<T>;
using DCO_BT=typename DCO_BM: :type;
using DCO_BTT=typename DCO_BM: :tape_t;
using DCO_T=typename dco::gt1s<DCO_BT>::type;
DCO_T x_in;
dco::value(dco: :value(x_in))=x_v;
dco::value(dco: :derivative(x_in))=1.;
DCO_BM: :global_tape=DCO_BTT: :create();
DCO_BM: :global_tape->register_variable(dco::value(x_in));
DCO_BM: :global_tape->register_variable(dco: :derivative(x_in));
DCO_T x=x_in;
f(x,p,w);
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Adjoints of Tangents with dco/c++ e | RWNTH

Engineering

Driver

template<typename T, typename PT>
void second_derivative(T &x_v, const PT &p, const PT &w, T &dx,T &ddx) {
using DCO_BlM=typename dco::gals<T>;
using DCO_BT=typename DCO_BM: :type;
using DCO_BTT=typename DCO_BM: :tape_t;
using DCO_T=typename dco::gt1s<DCO_BT>::type;
DCO_T x_in;
dco::value(dco: :value(x_in))=x_v;
dco::value(dco: :derivative(x_in))=1.;
DCO_BM: :global_tape=DCO_BTT: :create();
DCO_BM: :global_tape->register_variable(dco::value(x_in));
DCO_BM: :global_tape->register_variable(dco: :derivative(x_in));
DCO_T x=x_in;
f(x,p,w);
x_v=dco::value(dco: :value(x));
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Adjoints of Tangents with dco/c++ e | RWNTH

Engineering

Driver

template<typename T, typename PT>
void second_derivative(T &x_v, const PT &p, const PT &w, T &dx,T &ddx) {
using DCO_BlM=typename dco::gals<T>;
using DCO_BT=typename DCO_BM: :type;
using DCO_BTT=typename DCO_BM: :tape_t;
using DCO_T=typename dco::gt1s<DCO_BT>::type;
DCO_T x_in;
dco::value(dco: :value(x_in))=x_v;
dco::value(dco: :derivative(x_in))=1.;
DCO_BM: :global_tape=DCO_BTT: :create();
DCO_BM: :global_tape->register_variable(dco::value(x_in));
DCO_BM: :global_tape->register_variable(dco: :derivative(x_in));
DCO_T x=x_in;
f(x,p,w);
x_v=dco::value(dco: :value(x));
dx=dco::value(dco: :derivative(x));
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Adjoints of Tangents with dco/c++ e | RWNTH

Driver

template<typename T, typename PT>
void second_derivative(T &x_v, const PT &p, const PT &w, T &dx,T &ddx) {
using DCO_BlM=typename dco::gals<T>;
using DCO_BT=typename DCO_BM: :type;
using DCO_BTT=typename DCO_BM: :tape_t;
using DCO_T=typename dco::gt1s<DCO_BT>::type;
DCO_T x_in;
dco::value(dco: :value(x_in))=x_v;
dco::value(dco: :derivative(x_in))=1.;
DCO_BM: :global_tape=DCO_BTT: :create();
DCO_BM: :global_tape->register_variable(dco::value(x_in));
DCO_BM: :global_tape->register_variable(dco: :derivative(x_in));
DCO_T x=x_in;
f(x,p,w);
x_v=dco::value(dco: :value(x));
dx=dco::value(dco: :derivative(x));
dco: :derivative(dco: :derivative(x))=1.;
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Adjoints of Tangents with dco/c++ R

Engineering

Driver

template<typename T, typename PT>
void second_derivative(T &x_v, const PT &p, const PT &w, T &dx,T &ddx) {

using DCO_BlM=typename dco::gals<T>;

using DCO_BT=typename DCO_BM: :type;

using DCO_BTT=typename DCO_BM: :tape_t;

using DCO_T=typename dco::gt1s<DCO_BT>::type;

DCO_T x_in;

dco::value(dco: :value(x_in))=x_v;

dco::value(dco: :derivative(x_in))=1.;

DCO_BM: :global_tape=DCO_BTT: :create();

DCO_BM: :global_tape->register_variable(dco::value(x_in));
DCO_BM: :global_tape->register_variable(dco: :derivative(x_in));
DCO_T x=x_in;

f(x,p,w);

x_v=dco::value(dco: :value(x));

dx=dco::value(dco: :derivative(x));

dco: :derivative(dco: :derivative(x))=1.;

DCO_BM: :global_tape->interpret_adjoint();
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Adjoints of Tangents with dco/c++ e | RWNTH

Driver

template<typename T, typename PT>
void second_derivative(T &x_v, const PT &p, const PT &w, T &dx,T &ddx) {
using DCO_BlM=typename dco::gals<T>;
using DCO_BT=typename DCO_BM: :type;
using DCO_BTT=typename DCO_BM: :tape_t;
using DCO_T=typename dco::gt1s<DCO_BT>::type;
DCO_T x_in;
dco::value(dco: :value(x_in))=x_v;
dco::value(dco: :derivative(x_in))=1.;
DCO_BM: :global_tape=DCO_BTT: :create();
DCO_BM: :global_tape->register_variable(dco::value(x_in));
DCO_BM: :global_tape->register_variable(dco: :derivative(x_in));
DCO_T x=x_in;
f(x,p,w);
x_v=dco::value(dco: :value(x));
dx=dco::value(dco: :derivative(x));
dco: :derivative(dco: :derivative(x))=1.;
DCO_BM: :global_tape->interpret_adjoint();
ddx=dco: :derivative(dco::value(x_in));
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Adjoints of Tangents with dco/c++

Driver

Software and Tools

Engineering

template<typename T, typename PT>

void second_derivative(T &x_v, const PT &p, const PT &w, T &dx,T &ddx) {

using DCO_BlM=typename dco::gals<T>;
using DCO_BT=typename DCO_BM: :type;
using DCO_BTT=typename DCO_BM: :tape_t;

using DCO_T=typename dco::gt1s<DCO_BT>::type;

DCO_T x_in;

dco::value(dco: :value(x_in))=x_v;
dco::value(dco: :derivative(x_in))=1.;
DCO_BM: :global_tape=DCO_BTT: :create();

DCO_BM: :global_tape->register_variable(dco::value(x_in));
DCO_BM: :global_tape->register_variable(dco: :derivative(x_in));

DCO_T x=x_in;

f(x,p,w);

x_v=dco::value(dco: :value(x));
dx=dco::value(dco: :derivative(x));

dco: :derivative(dco: :derivative(x))=1.;
DCO_BM: :global_tape->interpret_adjoint();
ddx=dco: :derivative(dco::value(x_in));
DCO_BTT: :remove (DCO_BM: :global_tape) ;
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Adjoints of Tangents with dco/c++ e | RWNTH

Driver

© o N o oA W N e

#include "f.hpp"
#include "dco.hpp"

template<typename T, typename PT>
void second_derivative(T &x_v, const PT &p, const PT &w, T &dx,T &ddx) {

}

#include "h_main.hpp"

./h_ta.exe 1.1 1 0.5
0.650594 -0.502455 -1.93886
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State the adjoint of tangent AD model for y = cos(x).
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Tangents of Adjoints
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Tangents of Adjoints

e | FONTH
Definition v
Second-order adjoints (tangents of adjoints)
o L@@
fiy  RxRxR—R: xiy=f
of

f:R—>R: y=f(x)
are tangents of f;) in direction x(?), i.e,

2 2
X((l)) = fi(l))(xvy(l)ax(z)) = Yay - f”(X) . X(2) ,

Superscripts (2 are used to denote first-order tangents of fl1)-

Second-order adjoints carry mixed sub-/superscripts as *

(2

O
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Tangents of Adjoints

Derivation

Differentiation of

x1) = fny(x, 1)) = ya) - (%)

with respect to x in direction x( yields

df; dyny - (%)
(2 _ ') _ Y
X)) = gy Co¥) ¥ = =
df’(x)
YO T

(2 — Yay - ' (x) - <2

This formulation assumes no dependence of y(;) on source

context yielding a vanishing first order contribution to x

(2
(O
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Tangents of Adjoints with dco/c++
Cheat Sheet

o Compotatona RWTH
y f(x)
=l v e
" 2
X1 yay - f (x) -x
v
value derivative
v V(1)
value/ \:1erivative value'/ \derivative
v v ) v
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Tangents of Adjoints with dco/c++ receree | RWTH

for Computational
Engineering

Driver

1 template<typename T, typename PT>
2 void second_derivative(T &x_v, const PT &p, const PT &w, T &dx,T &ddx) {
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20 }
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Tangents of Adjoints with dco/c++ receree | RWTH

for Computational
Engineering

Driver

template<typename T, typename PT>
void second_derivative(T &x_v, const PT &p, const PT &w, T &dx,T &ddx) {
using DCO_BT=typename dco::gtls<T>::type;

it
v
a
it
v
Uy

Introduction to AD, info@stce.rwth-aachen.de «O» «Fr <

DA

51



Tangents of Adjoints with dco/c++ e | RWNTH

Driver

template<typename T, typename PT>

void second_derivative(T &x_v, const PT &p, const PT &w, T &dx,T &ddx) {
using DCO_BT=typename dco::gtls<T>::type;
using DCO_M=typename dco::gals<DCO_BT>;
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Tangents of Adjoints with dco/c++ e | RWNTH

Driver

template<typename T, typename PT>

void second_derivative(T &x_v, const PT &p, const PT &w, T &dx,T &ddx) {
using DCO_BT=typename dco::gtls<T>::type;
using DCO_M=typename dco::gals<DCO_BT>;
using DCO_T=typename DCO_M::type;
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Tangents of Adjoints with dco/c++ e | RWNTH

Driver

template<typename T, typename PT>
void second_derivative(T &x_v, const PT &p, const PT &w, T &dx,T &ddx) {
using DCO_BT=typename dco::gtls<T>::type;
using DCO_M=typename dco::gals<DCO_BT>;
using DCO_T=typename DCO_M::type;
using DCO_TT=typename DCO_M::tape_t;
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Tangents of Adjoints with dco/c++ e | RWNTH

Driver

1 template<typename T, typename PT>
2 void second_derivative(T &x_v, const PT &p, const PT &w, T &dx,T &ddx) {
3 using DCO_BT=typename dco::gtls<T>::type;
4 using DCO_M=typename dco::gals<DCO_BT>;
5 using DCO_T=typename DCO_M::type;
6 using DCO_TT=typename DCO_M::tape_t;
7 DCO_T x_in;
8
9
10
11
12
13
14
15
16
17
18
19
20 }
Introduction to AD, info@stce.ruth-aachen.de «O> (Fr «E> «EH>» E HAQ 55



Tangents of Adjoints with dco/c++

Driver

Software and Tools

Engineering

template<typename T, typename PT>

void second_derivative(T &x_v, const PT &p, const PT &w, T &dx,T &ddx) {

using DCO_BT=typename dco::gtls<T>::type;
using DCO_M=typename dco::gals<DCO_BT>;
using DCO_T=typename DCO_M::type;

using DCO_TT=typename DCO_M::tape_t;
DCO_T x_in;

dco::value(dco: :value(x_in))=x_v;
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Tangents of Adjoints with dco/c++

Driver

Software and Tools

Engineering

template<typename T, typename PT>

void second_derivative(T &x_v, const PT &p, const PT &w, T &dx,T &ddx) {

using DCO_BT=typename dco::gtls<T>::type;
using DCO_M=typename dco::gals<DCO_BT>;
using DCO_T=typename DCO_M::type;

using DCO_TT=typename DCO_M::tape_t;
DCO_T x_in;

dco::value(dco: :value(x_in))=x_v;

DCO_M: :global_tape=DCO_TT: :create();
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Tangents of Adjoints with dco/c++ e | RWNTH

Driver

template<typename T, typename PT>
void second_derivative(T &x_v, const PT &p, const PT &w, T &dx,T &ddx) {
using DCO_BT=typename dco::gtls<T>::type;
using DCO_M=typename dco::gals<DCO_BT>;
using DCO_T=typename DCO_M::type;
using DCO_TT=typename DCO_M::tape_t;
DCO_T x_in;
dco::value(dco: :value(x_in))=x_v;
DCO_M: :global_tape=DCO_TT: :create();
DCO_M: :global_tape->register_variable(x_in);
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Tangents of Adjoints with dco/c++ e | RWNTH

Driver

template<typename T, typename PT>

void second_derivative(T &x_v, const PT &p, const PT &w, T &dx,T &ddx) {
using DCO_BT=typename dco::gtls<T>::type;
using DCO_M=typename dco::gals<DCO_BT>;
using DCO_T=typename DCO_M::type;
using DCO_TT=typename DCO_M::tape_t;
DCO_T x_in;
dco::value(dco: :value(x_in))=x_v;
DCO_M: :global_tape=DCO_TT: :create();
DCO_M: :global_tape->register_variable(x_in);
DCO_T x=x_in;
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Tangents of Adjoints with dco/c++

Driver

Software and Tools

Engineering

template<typename T, typename PT>

void second_derivative(T &x_v, const PT &p, const PT &w, T &dx,T &ddx) {

using DCO_BT=typename dco::gtls<T>::type;
using DCO_M=typename dco::gals<DCO_BT>;
using DCO_T=typename DCO_M::type;

using DCO_TT=typename DCO_M::tape_t;

DCO_T x_in;

dco::value(dco: :value(x_in))=x_v;

DCO_M: :global_tape=DCO_TT: :create();

DCO_M: :global_tape->register_variable(x_in);
DCO_T x=x_in;
dco::derivative(dco::value(x))=1.;
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Tangents of Adjoints with dco/c++

Driver

Software and Tools

Engineering

template<typename T, typename PT>

void second_derivative(T &x_v, const PT &p, const PT &w, T &dx,T &ddx) {

using DCO_BT=typename dco::gtls<T>::type;
using DCO_M=typename dco::gals<DCO_BT>;
using DCO_T=typename DCO_M::type;

using DCO_TT=typename DCO_M::tape_t;
DCO_T x_in;

dco::value(dco: :value(x_in))=x_v;

DCO_M: :global_tape=DCO_TT: :create();
DCO_M: :global_tape->register_variable(x_in);
DCO_T x=x_in;
dco::derivative(dco::value(x))=1.;
f(x,p,w);
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Tangents of Adjoints with dco/c++

Driver

Software and Tools

Engineering

template<typename T, typename PT>

void second_derivative(T &x_v, const PT &p, const PT &w, T &dx,T &ddx) {

using DCO_BT=typename dco::gtls<T>::type;
using DCO_M=typename dco::gals<DCO_BT>;
using DCO_T=typename DCO_M::type;

using DCO_TT=typename DCO_M::tape_t;
DCO_T x_in;

dco::value(dco: :value(x_in))=x_v;

DCO_M: :global_tape=DCO_TT: :create();

DCO_M: :global_tape->register_variable(x_in);

DCO_T x=x_in;
dco::derivative(dco::value(x))=1.;
f(x,p,w);

x_v=dco: :value(dco::value(x));
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Tangents of Adjoints with dco/c++

Software and Tools

Engineering

Driver

template<typename T, typename PT>
void second_derivative(T &x_v, const PT &p, const PT &w, T &dx,T &ddx) {

using DCO_BT=typename dco::gtls<T>::type;
using DCO_M=typename dco::gals<DCO_BT>;
using DCO_T=typename DCO_M::type;

using DCO_TT=typename DCO_M::tape_t;
DCO_T x_in;

dco::value(dco: :value(x_in))=x_v;

DCO_M: :global_tape=DCO_TT: :create();
DCO_M: :global_tape->register_variable(x_in);
DCO_T x=x_in;
dco::derivative(dco::value(x))=1.;
f(x,p,w);

x_v=dco: :value(dco::value(x));

dx=dco: :derivative(dco::value(x));
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Tangents of Adjoints with dco/c++

Software and Tools

Engineering

Driver

template<typename T, typename PT>
void second_derivative(T &x_v, const PT &p, const PT &w, T &dx,T &ddx) {

using DCO_BT=typename dco::gtls<T>::type;
using DCO_M=typename dco::gals<DCO_BT>;
using DCO_T=typename DCO_M::type;

using DCO_TT=typename DCO_M::tape_t;
DCO_T x_in;

dco::value(dco: :value(x_in))=x_v;

DCO_M: :global_tape=DCO_TT: :create();
DCO_M: :global_tape->register_variable(x_in);
DCO_T x=x_in;
dco::derivative(dco::value(x))=1.;
f(x,p,w);

x_v=dco: :value(dco::value(x));

dx=dco: :derivative(dco::value(x));
dco::value(dco: :derivative(x))=1.;
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Tangents of Adjoints with dco/c++ e | RWNTH

Driver

template<typename T, typename PT>

void second_derivative(T &x_v, const PT &p, const PT &w, T &dx,T &ddx) {
using DCO_BT=typename dco::gtls<T>::type;
using DCO_M=typename dco::gals<DCO_BT>;
using DCO_T=typename DCO_M::type;
using DCO_TT=typename DCO_M::tape_t;
DCO_T x_in;
dco::value(dco: :value(x_in))=x_v;
DCO_M: :global_tape=DCO_TT: :create();
DCO_M: :global_tape->register_variable(x_in);
DCO_T x=x_in;
dco::derivative(dco::value(x))=1.;
f(x,p,w);
x_v=dco: :value(dco::value(x));
dx=dco: :derivative(dco::value(x));
dco::value(dco: :derivative(x))=1.;
DCO_M: :global_tape->interpret_adjoint();
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Tangents of Adjoints with dco/c++ R

Engineering

Driver

template<typename T, typename PT>
void second_derivative(T &x_v, const PT &p, const PT &w, T &dx,T &ddx) {

using DCO_BT=typename dco::gtls<T>::type;
using DCO_M=typename dco::gals<DCO_BT>;
using DCO_T=typename DCO_M::type;

using DCO_TT=typename DCO_M::tape_t;

DCO_T x_in;

dco::value(dco: :value(x_in))=x_v;

DCO_M: :global_tape=DCO_TT: :create();

DCO_M: :global_tape->register_variable(x_in);
DCO_T x=x_in;
dco::derivative(dco::value(x))=1.;
f(x,p,w);

x_v=dco: :value(dco::value(x));

dx=dco: :derivative(dco::value(x));
dco::value(dco: :derivative(x))=1.;

DCO_M: :global_tape->interpret_adjoint();
ddx=dco: :derivative(dco: :derivative(x_in));
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Tangents of Adjoints with dco/c++ R

Engineering

Driver

template<typename T, typename PT>
void second_derivative(T &x_v, const PT &p, const PT &w, T &dx,T &ddx) {

using DCO_BT=typename dco::gtls<T>::type;
using DCO_M=typename dco::gals<DCO_BT>;
using DCO_T=typename DCO_M::type;

using DCO_TT=typename DCO_M::tape_t;

DCO_T x_in;

dco::value(dco: :value(x_in))=x_v;

DCO_M: :global_tape=DCO_TT: :create();

DCO_M: :global_tape->register_variable(x_in);
DCO_T x=x_in;
dco::derivative(dco::value(x))=1.;
f(x,p,w);

x_v=dco: :value(dco::value(x));

dx=dco: :derivative(dco::value(x));
dco::value(dco: :derivative(x))=1.;

DCO_M: :global_tape->interpret_adjoint();
ddx=dco: :derivative(dco: :derivative(x_in));
DCO_TT: :remove (DCO_M: :global_tape) ;
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Tangents of Adjoints with dco/c++ e | RWNTH

Driver

© o N o oA W N =

#include "f.hpp"
#include "dco.hpp"

template<typename T, typename PT>
void second_derivative(T &x_v, const PT &p, const PT &w, T &dx,T &ddx) {

}

#include "h_main.hpp"

./h_at.exe 1.1 1 0.5
0.650594 -0.502455 -1.93886
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State the tangent of adjoint AD model for y =2 - /.
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Adjoints of Adjoints
Definition

nnnnnnnnnnnnn

Second-order adjoints (adjoints of adjoints)

filjz):RXRXR%RZ

X2) = f1,2) (% ¥(1): X1,2))
of

f:R—>R: y=f(x)

are adjoints of f(1y in direction X1 2), i,

X2y = f1.2)(%, Y1), X(1,2) = X.2) - Yy - £ (x)

The subscript *(3) is used to denote first-order adjoints of f().

Second-order adjoints carry the subscript (; 2) = *(1) ()"
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Adjoints of Adjoints —— )

nnnnnnnnnnnnn

Derivation o
Adjoint differentiation of
X1y = fy (6 v) = yay - £ (%) o
with respect to x in direction x(y 2) yields X2
df) dyqy - f'(x) ,
X(2) = X(1.2) * W(x,y(l)) =X12) T (@)

=X12) V) T = Xa) Yy f(x) . .

This formulation assumes no dependence of y(;) on source
context yielding a vanishing first order contribution to x().
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Adjoints of Adjoints with dco/c++
Cheat Sheet

X

X(2)

value

v

derivative

V(1)
value’/ \:jerivative value'/ \1erivative
v (2) V(1) V(1,2)
Introduction to AD, info@stce.rwth-aachen.de «O>» «Fr» «E>» «E>» E 9HAE

73



Adjoints of Adjoints with dco/c++ e | RWNTH

Engineering

Driver

template<typename T, typename PT>
void second_derivative(T &x_v, const PT &p, const PT &w, T &dx,T &ddx) {
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Adjoints of Adjoints with dco/c++ e | RWNTH

Driver

template<typename T, typename PT>
void second_derivative(T &x_v, const PT &p, const PT &w, T &dx,T &ddx) {
using DCO_BM=typename dco::gals<T>;
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Adjoints of Adjoints with dco/c++ e | RWNTH

Driver

template<typename T, typename PT>

void second_derivative(T &x_v, const PT &p, const PT &w, T &dx,T &ddx) {
using DCO_BM=typename dco::gals<T>;
using DCO_BT=typename DCO_BM: :type;

Introduction to AD, info@stce.rwth-aachen.de «O» «Fr <

it
v
a
it
v
Uy

DA

76



Adjoints of Adjoints with dco/c++ e | RWNTH

Driver

template<typename T, typename PT>

void second_derivative(T &x_v, const PT &p, const PT &w, T &dx,T &ddx) {
using DCO_BM=typename dco::gals<T>;
using DCO_BT=typename DCO_BM: :type;
using DCO_BTT=typename DCO_BM: :tape_t;
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Adjoints of Adjoints with dco/c++ e | RWNTH

Driver

template<typename T, typename PT>
void second_derivative(T &x_v, const PT &p, const PT &w, T &dx,T &ddx) {
using DCO_BM=typename dco::gals<T>;
using DCO_BT=typename DCO_BM: :type;
using DCO_BTT=typename DCO_BM: :tape_t;
using DCO_M=typename dco::gals<DCO_BT>;
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Adjoints of Adjoints with dco/c++

Driver

Software and Tools

Engineering

template<typename T, typename PT>

void second_derivative(T &x_v, const PT &p, const PT &w, T &dx,T &ddx) {

using DCO_BM=typename dco::gals<T>;
using DCO_BT=typename DCO_BM: :type;
using DCO_BTT=typename DCO_BM: :tape_t;
using DCO_M=typename dco::gals<DCO_BT>;
using DCO_T=typename DCO_M: :type;

Introduction to AD, info@stce.rwth-aachen.de «o» «F»

a

DA

79



Adjoints of Adjoints with dco/c++

Driver

Software and Tools

Engineering

template<typename T, typename PT>

void second_derivative(T &x_v, const PT &p, const PT &w, T &dx,T &ddx) {

using DCO_BM=typename dco::gals<T>;
using DCO_BT=typename DCO_BM: :type;
using DCO_BTT=typename DCO_BM: :tape_t;
using DCO_M=typename dco::gals<DCO_BT>;
using DCO_T=typename DCO_M: :type;
using DCO_TT=typename DCO_M::tape_t;
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Adjoints of Adjoints with dco/c++ e | RWNTH

Driver

template<typename T, typename PT>
void second_derivative(T &x_v, const PT &p, const PT &w, T &dx,T &ddx) {
using DCO_BM=typename dco::gals<T>;
using DCO_BT=typename DCO_BM: :type;
using DCO_BTT=typename DCO_BM: :tape_t;
using DCO_M=typename dco::gals<DCO_BT>;
using DCO_T=typename DCO_M: :type;
using DCO_TT=typename DCO_M::tape_t;
DCO_T x_in; dco::value(dco::value(x_in))=x_v;
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Adjoints of Adjoints with dco/c++ e | RWNTH

Driver

template<typename T, typename PT>
void second_derivative(T &x_v, const PT &p, const PT &w, T &dx,T &ddx) {
using DCO_BM=typename dco::gals<T>;
using DCO_BT=typename DCO_BM: :type;
using DCO_BTT=typename DCO_BM: :tape_t;
using DCO_M=typename dco::gals<DCO_BT>;
using DCO_T=typename DCO_M: :type;
using DCO_TT=typename DCO_M::tape_t;
DCO_T x_in; dco::value(dco::value(x_in))=x_v;
DCO_BM: :global_tape=DCO_BTT: :create();
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Adjoints of Adjoints with dco/c++ e | RWNTH

Driver

template<typename T, typename PT>
void second_derivative(T &x_v, const PT &p, const PT &w, T &dx,T &ddx) {
using DCO_BM=typename dco::gals<T>;
using DCO_BT=typename DCO_BM: :type;
using DCO_BTT=typename DCO_BM: :tape_t;
using DCO_M=typename dco::gals<DCO_BT>;
using DCO_T=typename DCO_M: :type;
using DCO_TT=typename DCO_M::tape_t;
DCO_T x_in; dco::value(dco::value(x_in))=x_v;
DCO_BM: :global_tape=DCO_BTT: :create();
DCO_BM: :global_tape->register_variable(dco::value(x_in));

it
v
a
it
v
Uy

Introduction to AD, info@stce.rwth-aachen.de «O» «Fr <

DA

83



Adjoints of Adjoints with dco/c++

Driver

Software and Tools

Engineering

template<typename T, typename PT>

void second_derivative(T &x_v, const PT &p, const PT &w, T &dx,T &ddx) {

using DCO_BM=typename dco::gals<T>;

using DCO_BT=typename DCO_BM: :type;

using DCO_BTT=typename DCO_BM: :tape_t;

using DCO_M=typename dco::gals<DCO_BT>;
using DCO_T=typename DCO_M: :type;

using DCO_TT=typename DCO_M::tape_t;

DCO_T x_in; dco::value(dco::value(x_in))=x_v;
DCO_BM: :global_tape=DCO_BTT: :create();

DCO_BM: :global_tape->register_variable(dco::value(x_in));

DCO_M: :global_tape=DCO_TT: :create();
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Adjoints of Adjoints with dco/c++ e | RWNTH

Driver

template<typename T, typename PT>
void second_derivative(T &x_v, const PT &p, const PT &w, T &dx,T &ddx) {
using DCO_BM=typename dco::gals<T>;
using DCO_BT=typename DCO_BM: :type;
using DCO_BTT=typename DCO_BM: :tape_t;
using DCO_M=typename dco::gals<DCO_BT>;
using DCO_T=typename DCO_M: :type;
using DCO_TT=typename DCO_M::tape_t;
DCO_T x_in; dco::value(dco::value(x_in))=x_v;
DCO_BM: :global_tape=DCO_BTT: :create();
DCO_BM: :global_tape->register_variable(dco::value(x_in));
DCO_M: :global_tape=DCO_TT: :create();
DCO_M: :global_tape->register_variable(x_in);
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Adjoints of Adjoints
AD with dco/c++

Software and Tools

Engineering
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Adjoints of Adjoints

saemons | IRANTHL
W2 0 Egares ™

AD with dco/c++
1 e
2 DCO_T x=x_in; // read-only active argument
3
4
5
6
7
8
9
10
1
12
1B}
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Adjoints of Adjoints

Software and Tools

RWTHAACHEN

W EEE | UNIVERSITY
AD with dco/c++

1 e

2 DCO_T x=x_in; // read-only active argument

3 f(x,p,w); // run augmented primal

4

5

6

7

8

9

10

11

12

13}
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Adjoints of Adjoints
AD with dco/c++

Software and Tools
K for Computational
n2 Engineering

RWTHAACHEN
UNIVERSITY

© o N e oA W N =

DCO_T x=x_in; // read-only active argument
£(x,p,w); // run augmented primal
x_v=dco::value(dco::value(x)); // get primal function value
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Adjoints of Adjoints

somemaros | IRANTHL
. W2 W 2

AD with dco/c++
1 ..
2 DCO_T x=x_in; // read-only active argument
3 f(x,p,w); // run augmented primal
4 x_v=dco::value(dco::value(x)); // get primal function value
5 dco::value(dco::derivative(x))=1.; // seed x_{(1)}
6
7
8
9
10
1
12
13}
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Adjoints of Adjoints T
AD with dco/c++ 20 ey

1 ..
2 DCO_T x=x_in; // read-only active argument
3 f(x,p,w); // run augmented primal
4 x_v=dco::value(dco::value(x)); // get primal function value
5 dco::value(dco: :derivative(x))=1.; // seed x_{(1)}
6 DCO_M: :global_tape->interpret_adjoint(); // interpret tape
7
8
9
10
1
12
13}
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Adjoints of Adjoints T
AD with dco/c++ 121 Gty

© o N e oA W N =

DCO_T x=x_in; // read-only active argument

f(x,p,w); // run augmented primal
x_v=dco::value(dco::value(x)); // get primal function value
dco::value(dco: :derivative(x))=1.; // seed x_{(1)}

DCO_M: :global_tape->interpret_adjoint(); // interpret tape

dco::derivative(dco::derivative(x_in))=1.; // seed x_{(1,2)}
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Adjoints of Adjoints
AD with dco/c++

Software and Tools
for fonal

W2 W 2

© o N e oA W N =

DCO_T x=x_in; // read-only active argument

f(x,p,w); // run augmented primal
x_v=dco::value(dco::value(x)); // get primal function value
dco::value(dco: :derivative(x))=1.; // seed x_{(1)}

DCO_M: :global_tape->interpret_adjoint(); // interpret tape
dco::derivative(dco::derivative(x_in))=1.; // seed x_{(1,2)}

DCO_BM: :global_tape->interpret_adjoint(); // interpret base tape
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Adjoints of Adjoints

PRy
AD with dco/c++

saemons | IRANTHL
et

© o N e oA W N =

DCO_T x=x_in; // read-only active argument

f(x,p,w); // run augmented primal

x_v=dco::value(dco::value(x)); // get primal function value
dco::value(dco: :derivative(x))=1.; // seed x_{(1)}

DCO_M: :global_tape->interpret_adjoint(); // interpret tape
dco::derivative(dco::derivative(x_in))=1.; // seed x_{(1,2)}
DCO_BM: :global_tape->interpret_adjoint(); // interpret base tape
dx=dco::value(dco::derivative(x_in)); // harvest first derivative

Introduction to AD, info@stce.rwth-aachen.de «O> «For o«

it
v
a
i
v
Uy

DA

94



Adjoints of Adjoints —

W

AD with dco/c++

© o N e oA W N =

DCO_T x=x_in; // read-only active argument

£(x,p,w); // run augmented primal

x_v=dco::value(dco::value(x)); // get primal function value
dco::value(dco::derivative(x))=1.; // seed x_{(1)}

DCO_M: :global_tape->interpret_adjoint(); // interpret tape
dco::derivative(dco::derivative(x_in))=1.; // seed x_{(1,2)}
DCO_BM: :global_tape->interpret_adjoint(); // interpret base tape
dx=dco::value(dco::derivative(x_in)); // harvest first derivative
ddx=dco: :derivative(dco::value(x_in)); // harvest second derivative
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Adjoints of Adjoints
AD with dco/c++

W

saemons | IRANTHL
et

© o N e oA W N =

DCO_T x=x_in; // read-only active argument

f(x,p,w); // run augmented primal

x_v=dco::value(dco::value(x)); // get primal function value
dco::value(dco::derivative(x))=1.; // seed x_{(1)}

DCO_M: :global_tape->interpret_adjoint(); // interpret tape
dco::derivative(dco::derivative(x_in))=1.; // seed x_{(1,2)}
DCO_BM: :global_tape->interpret_adjoint(); // interpret base tape
dx=dco::value(dco::derivative(x_in)); // harvest first derivative
ddx=dco: :derivative(dco::value(x_in)); // harvest second derivative
DCO_TT: :remove (DCO_M: :global_tape); // deallocate tape
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Adjoints of Adjoints cnrrerirs | IRNTHAACHEN
W2 W UNIVERSITY
AD with dco/c++

© o N e oA W N =

DCO_T x=x_in; // read-only active argument

f(x,p,w); // run augmented primal

x_v=dco::value(dco::value(x)); // get primal function value
dco::value(dco: :derivative(x))=1.; // seed x_{(1)}

DCO_M: :global_tape->interpret_adjoint(); // interpret tape
dco::derivative(dco::derivative(x_in))=1.; // seed x_{(1,2)}
DCO_BM: :global_tape->interpret_adjoint(); // interpret base tape
dx=dco::value(dco::derivative(x_in)); // harvest first derivative
ddx=dco: :derivative(dco::value(x_in)); // harvest second derivative
DCO_TT: :remove (DCO_M: :global_tape); // deallocate tape

DCO_BTT: :remove (DCO_BM: : global_tape); // deallocate base tape

Introduction to AD, info@stce.rwth-aachen.de «O> «For o«

it
v
a
i
v
Uy

A 97



Adjoints of Adjoints with dco/c++ e | RWNTH

Driver

© o N o oA W N e

#include "f.hpp"
#include "dco.hpp"

template<typename T, typename PT>
void second_derivative(T &x_v, const PT &p, const PT &w, T &dx,T &ddx) {

}

#include "h_main.hpp // main

./h_aa.exe 1.1 1 0.5
0.650594 -0.502455 -1.93886
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State the adjoint of adjoint AD model for y = 1.

Introduction to AD, info@stce.rwth-aachen.de

«0O)» «F»

it
a

DA

99



Outline

Software and Tools
l for Computational
n2 Engineering

RWTHAACHEN
UNIVERSITY

Higher Derivatives
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Higher Derivatives
Examples

Arbitrary nestings of tangent and adjoint modes are possible, for example,

» tangent of adjoint of tangent; Differentiation of the adjoint of tangent
with respect to x in direction x(3® yields

3 1
X((2)) = fBl(x) . xM . D).

2 %3

» adjoint of tangent of adjoint of tangent; Differentiation of the above with
respect to x in direction x((23)4) yields

1 3
Xy = FA(x) - xD 'y((z)) V) -x((2?4) _
Commutativity of scalar multiplication makes the order of the factors irrelevant
(in infinite precision arithmetic).
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Summary
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Summary

Tangents of Tangents
Derivation

dco/c++

Adjoints of Tangents
Derivation

dco/c++

Tangents of Adjoints
Derivation

dco/c++

Adjoints of Adjoints
Derivation

dco/c++
Higher Derivatives

Summary
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