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Motivation
miny f(x) by Newton's Method

Newton's method approximates a solution to the unconstrained nonlinear

optimization problem min,cgn f(x) through linearization of the first-order
optimality condition

f'(x+ Ax) = f'(x) + f"(x) - Ax =0
yielding systems of linear equations
" Ax = —f'
to be solved for Ax and followed by updating x := x + « - Ax iteratively for a
suitable start value x and damping parameter R 3 a > 0 determined by line

search.

The objective function f is assumed to be twice continuously differentiable
(implying T = ") at all points of interest.
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Outline
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Multivariate Scalar Functions
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Tangents of Adjoints L
Definition (f : R" — R)

nnnnnnnnnnnnnnn

A second derivative code generated in tangent of adjoint AD mode computes

y
)
igg = f((f)) (x, x(2),)/(1),y((12))>
(1)
* y F(x)
y@ £ .x(2)
ng @7 //}/(1) M @) ,
X(1) Xy gy o f

where f’ = f/(x) € R™" and f" = f"(x) € R™".

Notes: nonincremental version; x(l),xgg € R both x(1) and y@ e R
required and non-vanishing y((f)) € R in context of chain rule; /T = " ¢ R"™"
as f twice continuously differentiable
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Tangents of Adjoints

Derivation

Algorithmic differentiation of the (nonincremental) first-order adjoint model

()= )
X() Y -
in tangent mode yields

1)
d d (2) _
y(2)T _ \X )> x?) o x(2) {+ dy{l) 'y(l) =0
=_YWOZ (7 ) =
W () VL sk
Y(1)
— FIT

<

—

implying with! X(E)

) Y
¥(1) and 1T = fr

o) . x(2)
@ = T :
(X(1)> <X(2) Y+ Y ’”)

INote differentiation of column vectors rather than row vectors yielding Jacobians rather
than transposed Jacobians for seamless application of the chain rule
Introduction to AD, info@stce.rwth-aachen.de
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Tangents of Adjoints
Tangent of Adjoint DAG (using index notation)

snemros | IRANTH
et
gt

d
@ _ 90 _ o7 m @
= ge X Yoty
2 2 )
le;ﬁ - Xl('z) ’ f";,’iz Y@ JFY((U) : f::

Introduction to AD, info@stce.rwth-aachen.de

«40>» «Fr «=»r 4

>

DA




snemros | IRANTH
bt
gt

Draw the tangent of adjoint DAG for y = i—‘l’
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Tangents of Adjoints —
Cost of Hessian Accumulation

for Computational
Engineering

N

@ _ T
X =%

7y +y(2) f’
accumulation of the whole Hessian row-wise by seeding input directions
(?) € R" with the Cartesian basis vectors in R" for ya)=1and Ya)
harvesting from xg;

220;

Introduction to AD, info@stce.rwth-aachen.de
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Tangents of Adjoints
Implementation (Tangent of Adjoint SAC)

saemons | IRANTHL
et
e

Forj=n,....n+qg—1:

vi = (Vi )k=j

Forj:n,...,n-i-P_l:
o L0 _
Viy = 0; Vi) = 0

Forj=n+qg—-1,...,n

Vir(1) T= Vi - (‘PJ/'),I Vip <j
2 ,_ @ (2) .o .
Vi =V (@), Vi) Vi (), i <
Introduction to AD, info@stce.rwth-aachen.de «0O)>» «F» « =»
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Tangent of Adjoint SAC ~ u ...

sin(x§+x12) Enginsering

Example: y = e

Seeding vg(1) = y(1) = 1 and a Cartesian basis vector, e.g. véz) = xé2) =1and

v1(2) = sz) = 0, while initializing all remaining inputs to zero and followed by

propagating second-order adjoints alongside first-order adjoints (and primal
function values) as

va(1) += cos(va) - vs(1) wgg += —sin(va) - vs(q) - VF) + cos(va) - ngg
V() += vaq) vsia) += vals)

Va(1) += Va(1) V2g; += V4Ei§

Vi) F= 2 v vsq) Vlgi +=2-(y? v + v vsgg)

Vo) +=2-vo - v; V(2)+:2'(v(2) a1y + v v(z))

0(1) 0" V2(1) 0(1) 0 2(1) T Vo - V2(3)

yields the corresponding row (here first) of the Hessian in (Vogg Vlg%) ;

omitting computation of v; and vi(z).

Introduction to AD, info@stce.rwth-aachen.de «O» «Fr «E»r <«
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Tangents of Adjoints with dco/c++ menere | RWTH
Cheat Sheet

Engineering

y f(x)

y@ £ .x()

|| o

2 2 1 (2) 21
v
valug derivative dco::value(dco: :value(v))
[dco: :passive_value(v)]

v V(1) dco::derivative(dco::value(v))

dco::value(dco: :derivative(v)
value/ \derivative value/ &ierivative

dco::derivative(dco: :derivative(v)

v

v V()

@
(v)

Introduction to AD, info@stce.rwth-aachen.de
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Tangents of Adjoints with dco/c++
Hello AD World

© N o o & w

template<typename T, typename PT>
void f(size_t ncp, size_t ncs, const PT &eps, T& x, const std::vector<T>& p, const
std::vector<std::vector<PT>>& dW) {
newton(x,p[0],eps);
T s=0;
size_t m=dW.size();
for (size_t j=0;j<m;j+=ncp) paths(ncs,j,j+ncp,x,p,dW,s);
x=s/m;

We are looking for the Hessian of the final x with respect to p.

Introduction to AD, info@stce.rwth-aachen.de «O» «Fr <
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Hello AD World and dco/c++

() _
1

somaemaroos | IRANTHL
T
p( )= p(2) L f “Xq) +X((12)) . f!

for Computational
Engineering

N N

template<typename T, typename PT>

void hessian(size_t ncp, size_t ncs, const PT &eps, T &x_v, const std::vector<T> &
p_v, const std::vector<std::vector<PT>> &dW, std::vector<T> &dxdp, std::
vector<std::vector<T>> &ddxdpp) {

Introduction to AD, info@stce.rwth-aachen.de «O» «Fr «E»r <«
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Hello AD World and dco/c++ menere | RWTH

)
Py = P® X + X -

Engineering

N

N N

#include "dco.hpp"

template<typename T, typename PT>

void hessian(size_t ncp, size_t ncs, const PT &eps, T &x_v, const std::vector<T> &
p_v, const std::vector<std::vector<PT>> &dW, std::vector<T> &dxdp, std::
vector<std::vector<T>> &ddxdpp) {
using DCO_BT=typename dco::gtls<T>::type;

Introduction to AD, info@stce.rwth-aachen.de «O» «Fr <
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Hello AD World and dco/c++

T
pg; = p(2) L f - X(1) + X((12)) . f!

Software and Tools
mputational

Engineering

N N

#include "dco.hpp"

template<typename T, typename PT>

void hessian(size_t ncp, size_t ncs, const PT &eps, T &x_v, const std::vector<T> &

p_v, const std::vector<std::vector<PT>> &dW, std::vector<T> &dxdp, std::

vector<std::vector<T>> &ddxdpp) {
using DCO_BT=typename dco::gtls<T>::type;
using DCO_M=typename dco::gals<DCO_BT>;

Introduction to AD, info@stce.rwth-aachen.de «o» «F»
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Hello AD World and dco/c++

-
@ @7y X

PGy = P“

Software and Tools
mputational

Engineering

N N

#include "dco.hpp"

template<typename T, typename PT>

void hessian(size_t ncp, size_t ncs, const PT &eps, T &x_v, const std::vector<T> &
p_v, const std::vector<std::vector<PT>> &dW, std::vector<T> &dxdp, std::

vector<std::vector<T>> &ddxdpp) {

using DCO_BT=typename dco::gtls<T>::type;
using DCO_M=typename dco::gals<DCO_BT>;
using DCO_T=typename DCO_M: :type;

using DCO_TT=typename DCO_M: :tape_t;
using DCO_TPT=typename DCO_TT::position_t;

Introduction to AD, info@stce.rwth-aachen.de «o» «F»

a

it
)
pe)
i)

18



Hello AD World and dco/c++

-
@ @7y X

PGy = P“

snemros | IRANTH
et

Engineering

N N

#include "dco.hpp"

template<typename T, typename PT>

void hessian(size_t ncp, size_t ncs, const PT &eps, T &x_v, const std::vector<T> &
p_v, const std::vector<std::vector<PT>> &dW, std::vector<T> &dxdp, std::

vector<std::vector<T>> &ddxdpp) {

using DCO_BT=typename dco::gtls<T>::type;
using DCO_M=typename dco::gals<DCO_BT>;
using DCO_T=typename DCO_M: :type;

using DCO_TT=typename DCO_M: :tape_t;
using DCO_TPT=typename DCO_TT::position_t;
size_t n=p_v.size();

Introduction to AD, info@stce.rwth-aachen.de «o» «F»
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Hello AD World and dco/c++ menere | RWTH

)
Py = P® X + X -

Engineering

N

N N

#include "dco.hpp"

template<typename T, typename PT>

void hessian(size_t ncp, size_t ncs, const PT &eps, T &x_v, const std::vector<T> &

p_v, const std::vector<std::vector<PT>> &dW, std::vector<T> &dxdp, std::
vector<std::vector<T>> &ddxdpp) {

using DCO_BT=typename dco::gtls<T>::type;

using DCO_M=typename dco::gals<DCO_BT>;

using DCO_T=typename DCO_M: :type;

using DCO_TT=typename DCO_M: :tape_t;

using DCO_TPT=typename DCO_TT::position_t;

size_t n=p_v.size();

DCO_T x; std::vector<DCO_T> p(n); dco::passive_value(p)=p_v;
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Hello AD World and dco/c++ menere | RWTH

)
Py = P® X + X -

Engineering

N

N N

#include "dco.hpp"

template<typename T, typename PT>

void hessian(size_t ncp, size_t ncs, const PT &eps, T &x_v, const std::vector<T> &

p_v, const std::vector<std::vector<PT>> &dW, std::vector<T> &dxdp, std::
vector<std::vector<T>> &ddxdpp) {

using DCO_BT=typename dco::gtls<T>::type;

using DCO_M=typename dco::gals<DCO_BT>;

using DCO_T=typename DCO_M: :type;

using DCO_TT=typename DCO_M: :tape_t;

using DCO_TPT=typename DCO_TT::position_t;

size_t n=p_v.size();

DCO_T x; std::vector<DCO_T> p(n); dco::passive_value(p)=p_v;

DCO_M: :global_tape=DCO_TT: :create();
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Hello AD World and dco/c++ menere | RWTH

)
Py = P® X + X -

Engineering

N

N N

#include "dco.hpp"

template<typename T, typename PT>

void hessian(size_t ncp, size_t ncs, const PT &eps, T &x_v, const std::vector<T> &

p_v, const std::vector<std::vector<PT>> &dW, std::vector<T> &dxdp, std::
vector<std::vector<T>> &ddxdpp) {

using DCO_BT=typename dco::gtls<T>::type;

using DCO_M=typename dco::gals<DCO_BT>;

using DCO_T=typename DCO_M: :type;

using DCO_TT=typename DCO_M: :tape_t;

using DCO_TPT=typename DCO_TT::position_t;

size_t n=p_v.size();

DCO_T x; std::vector<DCO_T> p(n); dco::passive_value(p)=p_v;
DCO_M: :global_tape=DCO_TT: :create();

DCO_M: :global_tape->register_variable(p);
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Hello AD World and dco/c++ menere | RWTH

)
Py = P® X + X -

Engineering

N

N N

#include "dco.hpp"

template<typename T, typename PT>

void hessian(size_t ncp, size_t ncs, const PT &eps, T &x_v, const std::vector<T> &

p_v, const std::vector<std::vector<PT>> &dW, std::vector<T> &dxdp, std::
vector<std::vector<T>> &ddxdpp) {

using DCO_BT=typename dco::gtls<T>::type;

using DCO_M=typename dco::gals<DCO_BT>;

using DCO_T=typename DCO_M: :type;

using DCO_TT=typename DCO_M: :tape_t;

using DCO_TPT=typename DCO_TT::position_t;

size_t n=p_v.size();

DCO_T x; std::vector<DCO_T> p(n); dco::passive_value(p)=p_v;
DCO_M: :global_tape=DCO_TT: :create();

DCO_M: :global_tape->register_variable(p);

DCO_TPT tpos=DCO_M: :global_tape->get_position();
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Hello AD World and dco/c++
T
P =p@ 7 xy + x5 - F

Software and Tools
for nal

Engineering
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Hello AD World and dco/c++ o | RWTH
i) = P - F" x4 () - F
1 “en
2 for (size_t i=0;i<n;i++) { // columns
3 dco::derivative(dco::value(p[i]l))=1; // seed tangent
4
5
6
7
8
9
10
1
12
13
14
15 }
16
17
1B}
Introduction to AD, info@stce.rwth-aachen.de «Or AFr Er «Er E DAX 25



Hello AD World and dco/c++ o | RWTH
i) = P - F" x4 () - F
1 “en
2 for (size_t i=0;i<n;i++) { // columns
3 dco::derivative(dco::value(p[i]l))=1; // seed tangent
4 x=x_v; // [relset
5
6
7
8
9
10
1
12
13
14
15 }
16
17
1B}
Introduction to AD, info@stce.rwth-aachen.de «Or AFr Er «Er E DAX 26



Hello AD World and dco/c++ menere | RWTH
Py =@y + )  F
1 “ee
2 for (size_t i=0;i<n;i++) {
3 dco::derivative(dco::value(p[il))=1;
4 X=X_V;
5 f (ncp,ncs,eps,x,p,dW) ;
6
7
8
9
10
1
12
13
14
15 }
16
17
1B}
Introduction to AD, info@stce.rwth-aachen.de «O0>» «Fr» «E» «E E DA 27



Hello AD World and dco/c++ menere | RWTH
Py =@y + )  F
1 -
2 for (size_t i=0;i<n;i++) {
3 dco::derivative(dco::value(p[il))=1;
4 X=X_V;
5 f (ncp,ncs,eps,x,p,dW) ;
6 dco::value(dco: :derivative(x))=1;
7
8
9
10
1
12
13
14
15 }
16
17
1B}
Introduction to AD, info@stce.rwth-aachen.de «O0>» «Fr» «E» «E E DA 28



Hello AD World and dco/c++ —
T o 10 e
pg; = p(2) . f” . X(l) + X((f)) . f/

for (size_t i=0;i<n;i++) { // columns
dco::derivative(dco::value(p[il))=1; // seed tangent
x=x_v; // [relset
f (ncp,ncs,eps,x,p,dW); // compute
dco::value(dco::derivative(x))=1; // seed adjoint
DCO_M: :global_tape->interpret_adjoint_and_reset_to(tpos); // interpret
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Hello AD World and dco/c++
T !
Py =P X+

Software and Tools
for Computational

Engineering

1 ce.
2 for (size_t i=0;i<n;i++) {
3 dco::derivative(dco::value(p[il))=1;
4 X=X_V;
5 f (ncp,ncs,eps,x,p,dW) ;
6 dco::value(dco: :derivative(x))=1;
7 DCO_M: :global_tape->interpret_adjoint_and_reset_to(tpos);
8 for (size_t j=0;j<n;j++) {
9 ddxdpp[i] [j1=dco::derivative(dco: :derivative(p[j]1));
10
1
12 }
13
14
15 }
16
17
1B}
Introduction to AD, info@stce.ruth-aachen.de «Or AFr Er «Er E DAX 30



Hello AD World and dco/c++
T !
Py =P X+

Software and Tools

Engineering

for (size_t i=0;i<n;i++) {
dco::derivative(dco::value(p[i]))=1;
X=X_V;
f (ncp,ncs,eps,x,p,dW);
dco::value(dco: :derivative(x))=1;
DCO_M: :global_tape->interpret_adjoint_and_reset_to(tpos);
for (size_t j=0;j<n;j++) {
ddxdpp[i] [j1=dco::derivative(dco: :derivative(p[j]1));
dco::derivative(dco: :derivative(p[j]))=0;
dco: :value(dco: :derivative(p[j]1))=0;
}
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Hello AD World and dco/c++
T !
Py =P X+

Software and Tools

Engineering

for (size_t i=0;i<n;i++) {
dco::derivative(dco::value(p[i]))=1;
X=X_V;
f (ncp,ncs,eps,x,p,dW);
dco::value(dco: :derivative(x))=1;
DCO_M: :global_tape->interpret_adjoint_and_reset_to(tpos);
for (size_t j=0;j<n;j++) {
ddxdpp[i] [j1=dco::derivative(dco: :derivative(p[j]1));
dco::derivative(dco: :derivative(p[j]))=0;
dco: :value(dco: :derivative(p[j]1))=0;
}

dxdpl[il=dco::derivative(dco::value(x));
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Hello AD World and dco/c++ P
pg; = p(2) . f// 'X(l) + X((lz)) . fl

for (size_t i=0;i<n;i++) {
dco::derivative(dco::value(p[i]))=1;
X=X_V;
f (ncp,ncs,eps,x,p,dW);
dco::value(dco: :derivative(x))=1;
DCO_M: :global_tape->interpret_adjoint_and_reset_to(tpos);
for (size_t j=0;j<n;j++) {
ddxdpp[i] [j1=dco::derivative(dco: :derivative(p[j]1));
dco::derivative(dco: :derivative(p[j]))=0;
dco: :value(dco: :derivative(p[j]1))=0;
}
dxdpl[il=dco::derivative(dco::value(x));
dco::derivative(dco::value(p[i]))=0;
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Hello AD World and dco/c++ ——
pg; = p(2) . f// 'X(l) + X((lz)) . fl

for (size_t i=0;i<n;i++) {
dco::derivative(dco::value(p[i]))=1;
X=X_V;
f (ncp,ncs,eps,x,p,dW);
dco::value(dco: :derivative(x))=1;
DCO_M: :global_tape->interpret_adjoint_and_reset_to(tpos);
for (size_t j=0;j<n;j++) {
ddxdpp[i] [j1=dco::derivative(dco: :derivative(p[j]1));
dco::derivative(dco: :derivative(p[j]))=0;
dco: :value(dco: :derivative(p[j]1))=0;
}
dxdpl[il=dco::derivative(dco::value(x));
dco::derivative(dco::value(p[i]))=0;
}

x_v=dco: :passive_value(x) ;
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Hello AD World and dco/c++ P
pg; = p(2) . f// 'X(l) + X((lz)) . fl

for (size_t i=0;i<n;i++) {
dco::derivative(dco::value(p[i]))=1;
X=X_V;
f (ncp,ncs,eps,x,p,dW);
dco::value(dco: :derivative(x))=1;
DCO_M: :global_tape->interpret_adjoint_and_reset_to(tpos);
for (size_t j=0;j<n;j++) {
ddxdpp[i] [j1=dco::derivative(dco: :derivative(p[j]1));
dco::derivative(dco: :derivative(p[j]))=0;
dco: :value(dco: :derivative(p[j]1))=0;
}
dxdpl[il=dco::derivative(dco::value(x));
dco::derivative(dco::value(p[i]))=0;
}
x_v=dco: :passive_value(x) ;
DCO_TT: :remove (DCO_M: : global_tape) ;
}
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Hello AD World and dco/c++

Hessian as Jacobian of Gradient

1

Given a (adjoint mode) gradient driver

template<typename T, typename PT>
2

1

void gradient(size_t ncp, size_t ncs, const PT &eps, T &x_v, std::vector<T> &p_v,
for
2

const std::vector<std::vector<PT>> &dW, std::vector<T> &dxdp);

template<typename T, typename PT>

void f(size_t ncp, size_t ncs, const PT &eps, T& x,
std::vector<std::vector<PT>>& dW);

const std::vector<T>% p, const

the Hessian of the final x with respect to p can be
the corresponding gradient.

computed as the Jacobian of

Introduction to AD, info@stce.rwth-aachen.de
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Hello AD World and dco/c++ menere | RWTH

Jacobian of Gradient + Gradient + Function Value

template<typename T, typename PT>
void hessian(size_t ncp, size_t ncs, const PT &eps, T &x_v, std::vector<T> &p_v,
const std::vector<std::vector<PT>> &dW, std::vector<T> &dxdp_v, std::vector<
std: :vector<T>> &ddxdpp) {
using DCO_T=typename dco::gtls<T>::type;
size_t n=p_v.size();
DCO_T x; std::vector<DCO_T> p(n), dxdp(n); dco::value(p)=p_v;
for (size_t i=0;i<n;i++) {
X=X_V;
dco::derivative(p[i])=1;
gradient (ncp,ncs,eps,x,p,dW,dxdp) ;
dxdp_v[il=dco: :value(dxdpl[il]);
for (size_t j=0;j<n;j++)
ddxdpp[i] [jI=dco: :derivative(dxdp[j]);
dco::derivative(p[i])=0;

14 }
15 x_v=dco::value(x);
6}
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Adjoints of Tangents
Definition (f : R" — R)

A second derivative code generated in adjoint of tangent AD mode computes

ngg = 1‘((21)) (x, x(l),y(z)»y((gl)))
1
X(2)

as
y f(x)
y® fr.ox@)
x| T s ) @)
)
X(2) o f

where f' = f'(x) € R'™" and " = f"(x) € R™".
Notes: nonincremental version; x(z),x )

xi3) € R™"; both x;) and y) € R
required and non-vanishing y(») € R in context of chain rule; "7 =

e R™"
as f twice continuously differentiable
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Adjoints of Tangents

Derivation

Algorithmic differentiation of the (nonincremental) first-order tangent model

y®
in adjoint mode yields

fr.x®

(e 3)

2

X

()
- 1L g d)
—(() & TV {m)'dx{

1
= 0} y((2))
1 FIT

implying with? y(1) = x(1)

dy®
’ d};ﬂ))
and f"'T = f"
1
<X<2) ngi) = (y(z) 4y X

" (1) f’)
2Note differentiation of column vectors rather than row vectors yielding Jacobians rather
than transposed Jacobians for seamless application of the chain rule
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Adjoints of Tangents

Adjoint of Tangent DAG (using index notation) s
m_ dc @ o
X0) = g Yo f
1 _ (1 i
X(?)i1 =Y fy
_ g W)
XQ) = g T Y '+ vy - x
— ! (1) (1) 7
X(@2);, = Y@ fi, + Yoy Xi - fi's
Introduction to AD, info@stce.rwth-aachen.de «O>» «Fr <> «=)» = Ha
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Draw the tangent of adjoint DAG for y = xZ + x?.
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Adjoints of Adjoints
Definition (f : R" — R)

A second derivative code generated in adjoint of adjoint AD mode computes

y
X(1 1,2
ngi = f(1,2) <X7 x( ),}’(1)7)/(1,2))
Y(1,2)
as
y f(x)
W = e 2I' F "
X(2) Y@ ' +xaa v f
¥a,2) ' xa2)
where f' = f/(x) € R™" and f" = f"(x) € R™".

Notes: nonincremental version; x(1)

X(2) € R X(1,2) € R"; both x(1) and
¥(1,2) € R required and non-vanishing y(») € R in context of chain rule
f”T f//

R"*" as f twice continuously differentiable
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Adjoints of Adjoints

Derivation

Algorithmic differentiation of the (nonincremental) first-order adjoint model

y\_ [ f®
X(l) o f’
in adjoint mode yields

Y-
/(1)
(x@) Yip2) = ()/(2) x(Tl’z)) LN/

) dy o] oyl L E

dx Y2) - dyqy +X(172) " dyq)

implying with® x(1)7 = T - y1) = y1) - /7 X(1 2) T =f"-xu,z2) and
7c//T = f

(%) V(lz))Z(y(2)'f’+X(7i,z) - " f X(12))

Introduction to AD, info@stce.rwth-aachen.de
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Adjoints of Adjoints e | RONTH
Adjoint of Adjoint DAG croer

X(@2) = e =Y - f +X(112) Yy - £
X2, = Y2 f +X(1,2); M- !

102

= de _ x( FIT=x f!
Y1) =4 " (1,2) = X@,2); Ty
"
i1,
Introduction to AD, info@stce.rwth-aachen.de «O0>» «Fr» «E>» «E>»

DA 44



snemros | IRANTH
bt
gt

Draw the adjoint of adjoint DAG for y = sin(xp) * x1.

Introduction to AD, info@stce.rwth-aachen.de

DA

45



Outline
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Multivariate Vector Functions
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Multivariate Vector Functions
F:R" — R"

snemros | IRANTH
gt

F:R"— R"

cy=F(x)
is assumed to be twice continuously differentiable with
Jacobian

= .,m—1

= FI(X) = (F/ )I =0,...,n—1

and Hessian o )

Jj=0,...,m—
F" = F"(x) = (Fis);

it,2=0,...,n—1 "
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Tangents of Adjoints
Definition (F : R" — R™)

A second derivative code generated in tangent of adjoint AD mode computes

y
@)
y ) 2) @)
Xg; F(l) (va aY(l)aY(l))
X(1)
as
y F(x)
y? Fro.x@
J _ Jii2 o i
x| y(1>j'F-’
) ( )
(1)11

Jyin
CFI.
Jyisia

Note: nonincremental version assumes initially vanishing y(®
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Tangents of Adjoints
Tangent of Adjoint DAG

Software and Tools

Engineering

®
i
%
Jyitsi2
0 i
(2)
XiQ

" (2) /
Fiii Y, er(l)j “Fii

Sl
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Second-Order Adjoints

Hessian Tensor Compression
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Engineering
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Adjoints of Tangents
Definition (F : R" — R™)

nnnnnnnnnnnnn

A second derivative code generated in adjoint of tangent AD mode computes

y
)
y _ 1 )
)(}2g - F(Q) (Xa X( )ay(Z)ay(2)>
1
X2
as
y F(x)
6))
yj(l) J'lv"l ’ Xil
= [CORNC))
X(2);, Y@ i TY@), %
(D)
(),

1
j
(1)

Y2);° Fii

Introduction to AD, info@stce.rwth-aachen.de
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Adjoints of Tangents
Adjoint of Tangent DAG

Software and Tools

for Computational

Engineering

N dc
(2) = gx@®
o _ Q0 /
@), =Y, Fii
dc
X2 = gx
NON
X2, =Y FJ,Iz +y (2)_/ Xiy J'/fihl'z
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Adjoints of Adjoints
Definition (F : R" — R™)

A second derivative code generated in adjoint of adjoint AD mode computes

y
v | = F (X x(1:2) )
X(2) (1,2) \ % »Y(1)sY(1,2)
¥(1,2)
as
y F(X)/
Xy | _ Yoy F
(@), Y@ Fjp X
Y(1.2);

(1,2); "Y@); - 7
X(172)i1 ' F/

Jii
Note: nonincremental version assumes initially vanishing x(1), x(2) and y(12)-
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Adjoints of Adjoints —
Adjoint of Adjoint DAG

for Computational
Engineering

dc

Q) = gx

!
X@), =Y@; - e +x02; Yo, Fiibs

vy = €
1,2) =
a2 =g -
!
Ya.2); = *@.2); - Fia
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Higher-Order Adjoints
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Higher Derivatives

Software and Tools

Example: Tangent of Adjoint of Tangent =
y =F(x)
v = Fy o)
yj('l) = Fii 'Xgll)
51 3) FJ//117,‘3 . Xgll) E ) + FJ/ . Ell ,3)
X2), =Y@);- FJ/ +YE13. ,(11) jNil,iz
X@), = YSL Fli 4 ¥y Fliui ) +y§1>3’ L
(3)

1 13 1 1
MO
@), =Y

(13) (1,3) (1) (3)
@i V@) 'Ffvfl @), i %

=0

Note commutativity of multiplication in index notation.

(2) Xy Joiniasiz * X

i3
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Draw the adjoint of tangent of adjoint DAG.

(3.4) _
X(2) =7
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Outline
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Summary
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