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Introduction
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STCE e Problem W
Teaching (current courses)

» Algorithmic Differentiation (Ba/Ma)

» Numerical Methods and Software with C++ (Ba)

» Programming with C++ (Ba)

» Program Transformation and Compiler Construction Lab (Ba/Ma)

» Parallel Graph Algorithms Lab (Ba/Ma)

» Simulation Software Engineering Lab (Ba/Ma)
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Story in a Nutshell H ... | RWTH Story in a Nutshell 5 ... |RWTH
Executive Summary (P Model 2 1) o commuaiona

. . . double f(double p, doubl
» The parameterized model y = f(x,p) = p- x is used to simulate the states ouble f(double p. double x)

= f s = .
of the journey taken by the two gentlemen. Y (p,x) =p-x

assert(x>=0);
. . . f:RXxRT - R:(—00,00) X [0,00) — (—00, 00) return pxx;
» The value of the parameter p (slope of the straight line) is unknown. It }
shall be estimated based on data (x,y) € R"® x R™= collected by the
ladies through observation of previous journeys taken by the gentlemen. 1 , , , —

The model shall be calibrated. 0354

-0.25%x

» The objective is to minimize the error of the simulation, that is, to osf
determine a value of p such that p-x=y. “All models are wrong,

. . . _ . some are useful.”
» A naive search method is implemented in SNC++ (Scripting for Numerics o

with C++). The simple subset of C++ is introduced along the way. (George Box, British
> A first “proper” numerical method is derived mathematically to set the Statistician, 1976)

stage for the remainder of the course.

Whiteboard: model and data in x-y coordinate system 0 02 0.4 0.6 0.8 1
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Story in a Nutshell

Hands-On!

Observed Data 2 Il S Getting Started with SNC++ W2 [0 gemtone!
) 1 T T T I“mnode|:
We consider (randomly e > o ) _ _
generated) observations 7 ) | Scripting for Numer.|cs with C++ (SNC++) is a (very small) subset of
o C++ augmented with support for linear algebra and designed for
compatibility with algorithmic differentiation.
(X./ y) c Rnobs X Rnobs 0 J
X = (Xi)o,...,nope—1 . » Programming with SNC++ will be straightforward, if you are not new to
Y= )ommg1, o 1 (imperative) programming.
eg., . . , , . . . . .
i - ” = = : » An introductory slide deck and various sample scripts are provided for your
p=0.57
reference.
1 | int nobs=5; // e.g. 5 observations
2
3 | using VT=Eigen::VectorX<double>;
4
5 VT xobs:VT::Random(nobs); // random entries in [—1,1] — Interactively: intro/px-1.cpp to reproduce picture on previous slide
6 | xobs=xobs.cwiseProduct(xobs); // random entries in [0,1]
7 | VT yobs=VT::Random(nobs); // random entries in [—1,1]
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Story in a Nutshell m ... |RWTH Story in a Nutshell B o | RWTH
Objective Wz [0 g Single Observation W2 10 gt
We aim to minimize the least-squares error of the simulation relative to the
given observation of reality, that is, The optimal value of the free parameter p can be computed trivially for a single
Nobs—1 observation. The error becomes equal to zero.
. 2
min “Xi — Vi .
p 'Zo (P = yi) Initial guess 1 , , , —
1= “data”  x
Do
— Whiteboard: error of model wrt. data p — 0.5 08~ 7
The following implementation of this objective in SNC++ will be considered: .
Observation osl ]
1 | double e(double p, VT xobs, VT yobs) {
2 // conditions
3 assert(xobs.size()==nobs); assert(xobs.size()==yobs.size()); (0.5,0.3) il |
4 double e=0; // variable holding the result . . 5
5 int i=0; Parameter estimation ol |
6 while (i<xobs.size()) {
7 e=e-+pow(f(p,xobs(i))—yobs(i),2); // accumulation of local errors _ % — 0.6
== p = = 0. R \ \ \ \
8 I:I+1; 05 0 0.2 0.4 0.6 0.8 1
o |}
10 return e; o
— Interactively: intro/px-3.cpp
u |}

— Interactively: intro/px_2.cpp
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Story in a Nutshell
> 2 Observations

Software and Tools
for Computational
2 Engineering

for Computational
Wz 0 s

Hands-On! (Exercise 1)

The estimation of p becomes less trivial for two or more observations.

! ' ' ' T Naive optimization by grid search in main.cpp:
"data”  x
0.4%x
Current estimate os- 1
» Given p ...
p=06 05 » from p — 1 to p+ 1 using steps of size 0.01 ...
Observations N | » evaluate e and check for potentially lower value.
05\ /03 » Return minimum and minimizer.
((0'7) (dl)) oz} : » Eigen library in ../../thirdParty/eigen.
‘ » Building:
. . . . .
o 0 02 04 06 0z ' g+t+ -I../../thirdParty/eigen main.cpp -o main.exe
Parameter estimation
min(p- 0.5 —0.3)2 + (p- 0.7 — 0.1)?
P
Perha ps — exercises/1/
p =~ 0.47
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Story in a Nutshell B oo | RWTH Story in a Nutshell B o | RWTH
Towards “Proper” Optimization Wz [0 g Towards “Proper” Optimization W2 10 gt

Exploitation of further mathematical insight yields better optimization methods.
E.g., the model y = p - x is linear in p.

24 T T T T T T T

The error 22

nobs_l 2

e=-e(p) = Z (p-xi— YI)2 18
i=0

is quadratic in p. 1a

The error is convex as it is twice
differentiable and

d’e 5

— Inspection: intro/px_4.cpp for plot

— Hands on: exercises/1/main_opt.cpp for optimized grid search

2... to be properly defined later

Convexity of the error implies a minimum at the stationary point, where

d

“ 0.
dp
Consequently,

d Nobs —1 d Nobs —1
— xi—yi)? = — E x)2 —p-xi-y 2
= dp ; (P xi —yi) dp < <(P ;) p-Xi-yity )

de
dp
Nops —1 Nops —1

d
> d—p((p-Xi)z—Z-p-X;~y;+y,-2)= S @t —2-%y)

i=0 i=0

Nobs Nobs —1

2-(p- D= D Xy =2-(p-xT~x—xT~y)=0

—1
i=0 i=0

and, hence,3

XT'y

xT . x’

p:

3The (row) vector x7 is the transpose of the (column) vector x.
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Hands-On! .,E e
1 T T T T
0.5%x
"data" X
-0.229642*x
Let's implement sk x
x" .y
p= .
X T X 0 i

for random observations

-0.5F —

Story in a Nutshell

Towards Error Analysis W2

In many relevant cases, an approximation of p is the best we can hope for.

Inaccurate p immediately yield the question about the effect of this error on the
quality of predictions produced by the calibrated model, that is, ...

Nobs Nobs
X,y) € Rbs x Rebs x ) .
(x,y) How does an error Ap in the parameter p influence the result?
Does the error Ay in the result remain bounded (cannot become arbitrarily
, ) ) ) ) !
0 02 04 0s 08 1 large) relative to the value y of the correct result?
— Inspection and experiments: intro/px_5.cpp
Naumann, Fundamental Numerical Methods for Model Parameter Estimation 17 Naumann, Fundamental Numerical Methods for Model Parameter Estimation 18

Story in a Nutshell
Y M. | RWTH

Towards Error Analysis W e

The model y = f(p,x) = p- x is actually evaluated as
y+Ay=f(p+Ap,x)=(p+Ap) x.

The (absolute) error Ap in the parameter p yields the (absolute) error Ay in
the prediction y produced by the model at a given x.

The value of the first deriva-
tive? of y with respect to

(wrt.) p suggests a possible
approach to error analysis as
df
Ay ~ — .
v gy P

in some (possibly tiny) neigh-
borhood of the value of p.

?f needs to be differentiable.

40

35

xva
[0.7:1.3] 4*x-3
[1.7:2.3] 32*x-48

Note: replace x by p in plot.

Story in a Nutshell

Towards Error Analysis

B e | RANTH
o ool
| PR

Engineering 9

From of J
dp dp

it follows that the absolute error Ay grows as x does.

Ay

However, so does y = p - x, implying that the relative error

sy =2
y

in the result remains bounded, that is, it does not exceed a constant multiple
(C € R) of the relative error dp in the parameter. Obviously,

df
sy= Y @ BP_xDp_ Ap
y  f(x,p)  p-x p

op

yields C = 1.

Naumann, Fundamental Numerical Methods for Model Parameter Estimation
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Story in a Nutshell
Towards Error Analysis %

Let

y=f(p,x)=x+p.

Story in a Nutshell
Towards Error Analysis W2

Scalar division, required, e.g., for the solution

p=o(x,y)= %

of the parameter estimation problem for a single observation (x, y), is
The relative error dy in the result can become arbitrarily large, implying that numerically stable. From
scalar addition (as well as scalar subtraction) is numerically instable.
. Ap~ 92 Ax— X Ax
Obviously, By dx %2
af A .
Sy = ﬂ ~ 9P P — Ap it follows that
y  f(x,p) x+p A y .

(5p_—pz sz Ax = —=-Ax = —0x,
Note that |dy| — oo for x = —p and |Ap| > 0. P x X
Numerical instability of addition and subtraction implies the numerical implying that the relative error §p grows as —dx does. Similarly,
instability of parameter estimation for more than one observation. However, do )
potential complications are restricted to selected points (e.g. for x — —p in the 5p = Ap a4 Ay X Ay = 1 Ay = by

— ~ =X — . — v,
above) only. p p z y
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Numerical Errors

Sources

Errors are typically introduced during mathematical modelling as the result of
abstraction and simplification; see also George Box (1976): “All models are
wrong, some are useful.”

There are three major sources of additional numerical errors not to be ignored.
The results of numerical simulation and optimization can get terribly wrong due
to

» problem condition (to be considered in further detail during the discussion
of the vector case)

» numerical approximation (see upcoming error analysis of linearization of x?
as illustration of O-notation)

» computer arithmetic.

The latter deserves a closer look before we proceed.

® N o s W N e

Computer Arithmetic
Motivation "

#include <iostream>
using namespace std;

int main() {
double a=1, h=1e—15, b=a+h, c=b—a, one=c/h;

cout << one << "=17" << endl,
return 0;

}

Building followed by running yields

1.11022=17

Something is wrong ...

— Live: Experiments with misc/computer_arithmetic/cal.cpp

Naumann, Fundamental Numerical Methods for Model Parameter Estimation 25

Arith i
Computer Arithmetic — ‘ RWTH

Motivation B, 0 e

Unfortunately, real numbers x € R cannot be represented precisely by today’s
computers. They are approximated by floating-point numbers with base £,
accuracy t and exponent range [L, U] as follows:

dl d2 dt—l €
x:i(do+ﬁ+ﬁ2+...+ﬁt_l>6 ,
where 0 < d; < p—1fori=0,...,t—1and L <e < U. The sequence of
digits M = dyd; ... d;_1 over base (3 is called mantissa. The exponent is
denoted as ¢.

We consider normalized floating-point number systems, that is,
dp=0< x=0implying 1l <M < 3. E.g.,

2 7
+0.0127==+ 14+ — 4+ — | -1072 = +1.27-107?
( Tt 102)

in a decimal (8 = 10) system with t > 3 and —2 € [L, U].

Naumann, Fundamental Numerical Methods for Model Parameter Estimation 26

Computer Arithmetic
double W B0 e

The double precision floating-point data type double uses 64 bits:

» 52 bits for the mantissa (53rd bit equal to 1 due to normalization)
» 11 bits for the exponent
» 1 sign bit

yielding 15 significant digits in decimal output format with minimum and
maximum absolute values of 2.22507e-308 and 1.79769e+308, respectively.

The signed exponent ¢ is shifted into the unsigned (positive) [0,2!! — 1] range
(biased exponent). Its true value is obtained by subtracting 20 — 1 = 1023.

Naumann, Fundamental Numerical Methods for Model Parameter Estimation 27
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Computer Arithmetic
double P

The commonly used floating-point number formats (double as well as single
precision) are described in the IEEE 754 standard.

Special cases are defined to represent

» +0 (ignoring normalization):

M=e=0

» +oo (e.g., division of nonzero by zero):
e =2" —1 (all bits equal to 1) and M =0
» “Not a Number” (NaN, e.g., resulting from oo + (—00)):

e=2"—-1 and M>0.

Further conventions apply. Refer to the standard for details.

Computer Arithmetic -
Example W2

Consider a 5-bit (binary) normalized floating-point format using

» 2 bits for the mantissa (3rd bit equal to 1 due to normalization)
» 2 bits for the (biased exponent)
» 1 sign bit

with, hence, =2, t =2 and [L, U] = [-1,2].

The signed exponent ¢ is shifted into the [0,2% — 1] = [0, 3] (actually,

[1,22 — 2] due to special interpretation of £ = 22 — 1 as NaN or 4-co and
because the combination of a vanishing exponent with a nonzero mantissa
denotes denormalized numbers) range. lts true value is obtained by subtracting
2l —1=1.

Naumann, Fundamental Numerical Methods for Model Parameter Estimation 29

Computer Arithmetic B oo | RWTH

o
Example W I

E.g., the following conversion from a binary value to its decimal value holds:
_ -1 -2y 92°—(2'-1) _ .90 _
0 01 11 =(1+2"+4279)-2 1.75-2 1.75
+ e+1 M-1

The following sixteen (negative versions by leading 1) special cases are defined:*
» Denormalized numbers

00000, = 019 (zero as special denormalized number)
00001, = (272) - 20-('~1) = 0.25 . 21 = 0.125;,
00010, = (271)-2°-('-1 = 0.5.271 = 0.25,

00011, = (271 4+272).20-(-1) — 0.75. 271 = 0.375y,

» Infinity: 01100, = o019
» NaN: 01101, or 01110, or 01111,

— Optionally: Experiments with double in misc/to_bin

4Subscripts mark the base of the number format, here binary and decimal.

Naumann, Fundamental Numerical Methods for Model Parameter Estimation 30

Computer Arithmetic
P B oo | RANTH
Example W, 0 B

Moreover, the following eight absolute values® can be represented:
00100, = 1-22°~C'=D —1.20 = 14
00101, = (1 +272)- 22~ = 1.25. 20 = 1 25,
00110, = (14 271)- 22 ~("=) — 15.20 — 1.5,
00111, = (1 + 271 +272). 22D = 1.75. 20 = 1,75,
01000, = 1-22'-C"'=1) — 1.2l — 2}y
01001, = (1 +272) .22~ = 1.25. 2! = 2.5,
01010; = (1 4+271) .22 —('=) —15.21 = 34
01011, = (1 + 271 +272).22' ("= — 1 75. 2! = 3.5

5covering both positive and negative values and transformed into decimal format
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Computer Arithmetic

Computer Arithmetic

Example | Rounding iz
1 T T T T T T T T . . . . .
"normalized”  + The IEEE 754 standard defines various rounding rules for approximating real
denormalized” values that cannot be represented precisely by the given floating-point number
system. The default is
05 T Round to nearest, break ties to even.
“Even” implies a vanishing last entry d;_; of the mantissa for 5 = 2. E.g.,
OF+ X X X + + + + + + + +-
0.991p = underflow
110 =110
1.210 =~ 1.2510
0.5 -
2.2510 ~ 210
2.2610 ~ 2.510
3.5119 = overflow
1 | | | | | | | |
0 05 1 15 2 25 3 35
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Computer Arithmetic
puter / B oo | RWTH B .ooc. | RWTH
Machine Epsilon Wz 10 o Got It7? W I

The smallest value € > 0 such that
1+e#1

is called machine epsilon. It plays an important role for the decision about
(small) perturbations of floating-point values in various numerical methods,
e.g., finite difference approximation of derivatives to be discussed later.

Our 5-bit sample floating-point number system features e = 1 as
141=2#1,

while there is no smaller positive number in the system, which is not the case
for less simple floating-point number systems such as IEEE 754 double.

© ® N O O A W N

Let the 5-bit sample floating-point type be implemented as my_float_type in

#include " my_float_type.h”
#include <iostream>
using namespace std;

int main() {
my_float_type a=1.75, h=1, b=a+h, c=b—a, one=c/h;

cout << one << "=17" << endl,
return O;

}

Explain the following output:

1.256=17

Under rounding, b=3 and c=1.25 yields one=1.25.
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Scalar Case Scalar Case

Models Models

Simulation

Optimization
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Models Models

) B e | RWNTH ) ) ) o o B e | RANTH

Executive Summary W 0 [differential|algebraic] x [implicit|explicit] W2 10 e

» Many models used in Computational [Life] Science, Engineering,
Economics, Finance, etc. describe local change of the state of the
underlying system rather than the value of the latter as the solution of an
algebraic equation or even as an explicit function of given arguments.

» Consequently, mathematical modeling often yields differential instead of
algebraic equations.

» We consider four ordinary differential equations with known symbolic
solutions yielding four corresponding algebraic models. Different aspects
are captured.

» Essential mathematical terminology (linearity and beyond, continuity,
differentiability, Taylor series expansion) is introduced.

We distinguish parameterized (by p € R)
» explicit algebraic: y(x,p) = f(x,p), eg., y =p-x
» implicit algebraic: F(y(x,p),x,p) =0,eg.,p-x—y=0=y=p-x

» explicit differential: % =g(y(x,p),x, p), e.g., Z—y =p=>y=p-x+c

» implicit differential: G (%,y(x, p), X, p) =0

models (also: equations). All but the last play a role in this course.

Unique solutions for differential models require initial values y°(p) = y(x°, p),
yielding so-called initial value problems.
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Models

Scenarios

We aim to simulate lack of the gentlemen'’s fitness (deviation from x-axis; none
= 100% fit) as a function of their progress made in x-direction.

»

The explicit algebraic model y = f(p, x) features an unknown parameter
p € R, later to be estimated for given observations by the ladies of the

Differential Models

Scenarios |7

y = f(p, x) is defined as the solution of the following initial values problems:
TODO: reformulate!

Scenario 1: Constant fitness while walking from x = 0 toward x =1

B o) p
dX—gPaX>)/—P,

Scenario 2: Fitness improves with distance covered (exposure to fresh air ...)

y(0)=0

dy

o~ glexy)= = v
Scenario 3: Fitness improves with fitness (self-fulfilling prophecy ...)
p

dy _

5 &P xy) = me y(0) =0

:y+1,

Scenario 4: Fitness improves with fitness while worsening with distance covered

gentlemen'’s journey. dy p-x

— =g(p.xy) = » y(0)=0

dx y+1
Naumann, Fundamental Numerical Methods for Model Parameter Estimation 41 Naumann, Fundamental Numerical Methods for Model Parameter Estimation 42
Got It? o Got It? o

Show correctness of the following symbolic solutions for the four scenarios:

E.g.
d_y g
=L = p; y(0)=0 = y=p-
5 — Py y=p-x
y=+v1+p-x>—-14C
dy p
TP . y0)=0 = y=p-I 1
= xr1 YO y =p-log(x +1) il
y(0)=0 = 1+p-02-14+C=0 = C=0
dy p
=y YO y=+V2-p-x+
d 1 .
d—y = 2.p-x= %
= = y(0)=0 = =+/1 -x2—1,
=y Y0 y=vV1+p-x
yielding corresponding explicit algebraic models.
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Algebraic Models

Algebraic Models

= f(p, x) (Linear in 2 Il S — f(p.x) (Nonlinear in W 1 oo
P, p y P p
Linear in x Nonlinear in x Nonlinear in x Nonlinear in x
06 T T T T 06 T T T 0.6 T T 0.6 T T
0.5%x 0.5*log(x+1) SqQrt(2*0.5%x+1)-1 —— Sqrt(1+0.5%x**2)-1 ——

05 05 — 05 1 05 Bl

04 g 04 g 04 4 04l 4

03[ — 03 b 031 1 03 1

02 — 021 — 021 1 02

01 B (13 q 01 q 01

. . . . . . . . . . . ‘ ‘ ‘ ‘ .

0 0.2 04 0.6 0.8 1 0 0.2 04 0.6 0.8 1 0 0.2 04 0.6 0.8 1 0
p-x p - log(x + 1) V2-p-x+1-1
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Essential Terminolo
gy B ... | RWTH B e | RWTH

Linearity W2 10 ot Got It? W I i

The model f :R xR — R:y=f(p,x) is linear in p if
f(v+ux)=Ff(v,x)+f(u,x) and f(a-v,x)=a-f(v,x)

for all v,u,a € R.

Models of the form f(p,x) = a- p+ b with a = a(x), b = b(x) € R are affine in
p. Linear functions are affine with b = 0.

Roots of affine functions are defined implicitly by linear equations a- p+ b =10

implying the explicit equation (solution) p = —g.

Show that f(p, x) = p- g(x) is linear in p.

Proof:

flvtux)=(v+u)-gx)=v-g(x)+u-g(x)=Ff(v,x)+ f(u,x)
fla-v,x)=(a-v)-g(x)=a-(v-g(x))=a-f(v,x)

for all v,u,a € R.
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Differential Models

Solution of Initial Value Problem

Wanted:

y = f(p,x)
for fixed p and given x.
The unknown function f(p, x) is expected to be

differentiable 0s

T T
Sqrt(c2+ 1)1 ——
0.45*x-0.11 ——

and, hence,
continuous

over the domain of interest.

All numerical solution methods to be dis-
cussed rely on continuity and differentia-
bility of essentially all parts of the math-

Essential Terminology
Continuity W2

Let p be fixed. The univariate scalar function f : R = R, y = f(x), is

T
Sqrt(x**2+1)1 ——

right-continuous at x € R if 0isTx011 ——

act§hs [ B =109

left-continuous at x if

AXJB',T]AX>O Flx = Ax) = f(x)

0 02 0.4 0.6 0.8 1

continuous at x if it is both left- and right-continuous at x.

Continuity is a necessary condition for differentiability.

ematical problem formulation. ° oz oees 08 ‘
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Essential Terminolo
W ... |RWIH gy W ... | RWIH
r Computation . PR . .  Computation
Got It! Wz [0 e Differentiability and Derivatives W2 10 s

Is f(x) = sin(x) continuous over its entire domain?
Is f(x) = |x| continuous at x = 07?

Is
0 ifx=0
f(X) _ IT X .
x otherwise
continuous at x = 1?7 What about x = 07

Is
if x <
F(x) = 0 |x_(.J
1 otherwise

left-continuous at x = 07 Is it continuous at x = 07

f(x) is right-differentiable at x € R if
the limit 0s

o~ lim f(x+ Ax) — f(x)
Ax—0 Ax

T T T T
SqrEx*2+1 ——

0.45%x-0.11 ——

exists (is finite). f is left-differentiable
at x if

f(x) — f(x — Ax)

AT = lim
Ax—0 Ax
exists (is finite). f is differentiable at x ° 2 e+ e o

if it is both left- and right-differentiable

with first derivative
The first derivative is equal to the slope of the tan-
df gent (also: tangent of angle spanned with x-axis.
AM=X"=f="€cR.
dx

It is continuously differentiable at x if f/ is continuous.
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Essential Terminology

Nondifferentiability W 0 Got It7? W2 1) o Commtsons
All tangents of Is f(x) = sin(x) differentiable over its entire domain?
£(x) 2-x x <0
X) = . . o .
2.x+1 x>=0 Is f(x) = |x| differentiable at x = 07 Is it differentiable at x = 17
have slope equal to two. Still, f is not differentiable at the origin (x = 0) due Is
to missing left-differentiability. 0 ifx=0
f(x) = .
Note that x otherwise
i f(x+Ax)—f(x)|
s Ax = differentiable at x = 1? What about x = 0?
if f is not right-differentiable. |
s
Similarly, £(x) 0 ifx<o0
_ _ X) = .
lim Fx) —fx = Ax) | _ 50 1 otherwise
Ax—0 Ax
; ; — 10107 — —107
i€ £ i not left_differentiable. differentiable at x 1077 What about x = 107"
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Essential Terminology B o | RWTH Essential Terminology B o | RWIH

Higher Derivatives

The first derivative of the k-th derivative of a k times continuously

differentiable function
f:R—-R

is continuous making f potentially k + 1 times differentiable for k = 1,2, ....

df d sin(x)
Ix f ™ cos(x)
d*f  df’ d cos(x)
= _ " _ .
dx® ~ dx eg. f dx sin(x)
111 — d*f _ df" Fr1r — d(_Sin(X)) — —COS(X)

dx3 ~ dx

dx

Disclaimer: All functions considered during this course are assumed to be

sufficiently often continuously differentiable. Exceptions are commented on

explicitly.

Beyond Linearity W2 10 gt

Let f : R — R be sufficiently often differentiable.

f is constant if its derivatives vanish identically for all x € R, e.g, f(x) =42 is
constant over R.

f is (at most) affine if its second and higher derivatives vanish identically for all
x € R, e.g, f(x) =42 x — 24 is affine over R while f(x) =42 x is linear.

f is (at most) quadratic if its third and higher derivatives vanish identically for
all x e R, e.g, f(x) =42-x% — 24 x + 1 is quadratic over R.

f is (at most) cubic if its fourth and higher derivatives vanish identically for all
x € R, e.g, f(x) =42-x3 — 24 is cubic over R.

etc.
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Essential Terminology RWTH

Taylor Expansion

Implicitly defined models y(x) are unknown in the sense of no explicit algebraic
solution y = f(x) being available.

If the model is continuously differentiable up to some order in a neighborhood
of the point x of interest, then Taylor's theorem provides a way to approximate
the model as a weighted sum of its derivatives of lower orders.

Most numerical approximation algorithms rely on this observation.

E.g., an unknown function y(x) could be approximated locally by its tangent,
which is also known as linearization. The “less linear” y(x) actually is, the “less
accurate” this approach becomes when moving away from the given x. Similar
remarks apply to quadratic, cubic, etc. approximations by (truncated) Taylor
expansion of order two, three, etc..

Essential Terminology RWTH
Taylor Expansion W2

Let f : R — R be n-times continuously differentiable.

Given the value of f(x) at some point x € R the function value f(x + Ax),
Ax € R, at a neighboring point can be approximated by a Taylor expansion as

n—1

+zl.d” Ak

f(XJr AX) Ro(|ax|) f 7 ka

Throughout this course we assume convergence of the Taylor expansion for
k — oo to the true value of f(x + Ax) within all subdomains of interest, which
is not the case for arbitrary functions.

For n = 4 we get

1
f(x+Ax):f(x)+f'~Ax+§~f - AxX3 +6 - Ax3 + O(|Ax|?) .
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Essential Terminology

O(-) Notation Wz 0 O(-) Notation Wz 00 e
Given two functions f(x) and g(x) the notation The O() notation s lfsed in the the foIIovx{lng
to estimate computational costs of numerical
f=0(g) methods as well as errors induced by them.
o ) E.g., an approximation of the function y = N
implies that f grows up to a constant factor as g, that is, f(x) = x2 at a given point x by its linearization
3C>0eR: |f(x) < C-[g(x)] _ F(Ax)= () 4 F' - Ax |~
for all x within the shared domains of f and g. =x"+2-x-Ax NPy YR g
E.g, f(x) = O(x?) implies that f(x) does not grow faster than C - x2 for some induces an error of order Ax2 as
constant C > 0.
Although, y(x + Ax) =
, s = (x+ Ax)? — (x> +2-x- Ax)
f(x)=0(x) = f(x)=0(x = f(x)=0(x
()=0(x) = f(x)=0() = f(x)=0() A o(ax)
we are interested in the lowest upper bound (supremum). . e e e e
PP (sup ) with C = 1.
x=0.4
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Got It?

Hands On! (Exercise 2) S

Use gnuplot to visualize the
error Ax2.

Note that x + Ax = 1.4
at x = 04 for Ax = 1.
Moreover,

0.8 (x + Ax) —0.16 = 0.96

Write an SNCH+ script to validate the decreasing absolute error of a truncated

Taylor expansion of increasing order k = 1,2, ... for y = sin(x).

x**£
0.8*x-0.16 —— o

Repeat for y = e*.

Notes:

» Declare and initialize x and Ax, e.g., x =1 and Ax =0.1.

» Print difference between f(x + Ax) and truncated Taylor expansion for
increasing orders, e.g., f(x + Ax) — (f(x) + - Ax+ 1 - - Ax?) for the
error of a second-order truncated Taylor expansion.

and

» Explore behavior for other values of x and Ax.

2 . .
(x+ Ax)*=1.96. » Explore behavior for other functions.
— exercises/2/
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Simulation

Outline Wz [0 g Executive Summary W2 10 gt

» We consider explicit differential models with symbolic solutions yielding
Scalar Case explicit algebraic models. The latter can be used for validation of

approximate solutions obtained by the numerical methods to be
Simulation introduced.

» Essential mathematical terminology is introduced along the way.

» Forward finite difference approximation of the derivative term in the
differential models yields the iterative explicit Euler method.

» Backward finite differences yield the iterative implicit Euler method. An
[implicit] algebraic equation needs to be solved in each iteration. Bisection
and Newton(-Raphson) methods are employed.

» Central finite differences are used for parameter sensitivity analysis.
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Outline W I

Scalar Case

Simulation
Explicit Euler Method

Explicit Euler Method . RWTH

Executive Summary "

» The explicit Euler method is applicable to all four scenarios.

» Local linearization (first-order truncated Taylor expansion with step size
Ax) yields a numerical approximation of % by a forward finite difference.

» A sequence of explicit algebraic equations is evaluated to integrate the
differential model numerically from x =0 to x = 1.

» The term “numerical integration” refers to the approximation of the value
of the model y(x) at some point x based on the given initial value y(0)
and by chaining a (large) number of local approximations of y(x), e.g.,
linearizations.

» An error of order > O(Ax?) is induced.
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Approximate First Derivative

Forward Finite Difference W2 I o

Truncation of the Taylor expansion of
y:R=>R:y=y(x)

in direction 0 < Ax < 1 after the first-order term yields

y(x+ Ax) = y(x) + @ Ax + O(AxX?)

™ (linearization)

and, hence, a first-order accurate approximation of the first derivative at x as

dy  y(x+ Ax)—y(x)
/ _— =
I Ax + O(Ax) .

y

The error of this forward finite difference approximation is of the order Ax.

— Whiteboard: graphical illustration
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Explicit Euler Method

Derivation | PYAR

The explicit Euler method (also referred to as explicit Euler integration)
replaces the derivative in the ordinary differential equation (ODE)

& _
dx
with a forward finite difference in direction 0 < Ax < 1 yielding

g(p,x,y(p,x))

y(p, x + Ax) — y(p, x)
Ax

= g(p,x,y(p,x))

and, hence, the iterative approximation of the solution as

y(p,x + Ax) = y(p,x) + Ax - g(p, x, y(p, x))

for given y(p,0) = y°(p). In the given Scenarios 1-4, y° = 0 is independent of
p.
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Explicit Euler Method

Explicit Euler Method

Algorithm 2 [0 g Implementation | PY
1 | int m=100; // number of integration steps
The explicit Euler method evaluates the following sequence of explicit algebraic 2
equations 3 | /// explicit Euler simulation of differential model (note: doxygen comment)
4 | template<typename T>
0.25 : : : s | THTp, Tx){
"Eulersteps” —+— 6 // condition
SQrt(140.5%x%%2)1 ——— ; assert(x>0);
02 - . . .
8 // integration step size
9 T deltax=x/m;
. 0.15 10 // initial position fixed to zero
i+1 i N i 1 x=0;
y =y+ g(p’X Y ) ’ 01+ 12 // initial state fixed to zero
13 T y=0;
i=0,....m—1, 005 | 14 int i=0;
15 while (i<m) {
. 16 // explicit Euler step
o 17 y=y-delta_x*g(p,x,y);
) 18 x=x-delta_x;
Scenario 4 19 i=i+1;
. e 0 0 __ - . 20 }
for given initial value y°(p) at x° = 0 and number of integration steps m > 0. " return y:
2 |}
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Explicit Euler Method Explicit Euler Method
P e | RWTH P ... |RWTH
Inspection of Source Code and Experiments W 0 Error Analysis W2 10 e
An absolute error
(=i ,- -
y(p,x"+ Ax) —y
_ i A / i 1 A 2 " i O(A 3
=y(p.x) + Ax- y(p.x) + 5 - Ax7-y"(p, x") + O(AX7)
explicit_eulerh rmain,h ~— ~~—
=y =g(p,x",y’)
-~ 7
Taylor expansion
" i i
‘ g_pxyh ‘ ‘ config.h | - (y +Ax-g(p,x',y ))
explicit Euler step
1 )
_ = 2 1 i 3
| cmath l Eigen/Dense cassert =5 Ax® - y"(p,x") + O(Ax?)
of order Ax? is induced by each explicit Euler step due to local linearization
and assuming convergence of the Taylor expansion.
— 1D/simulation/differential /explicit_euler/
This error is potentially accumulated over subsequent steps.
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Explicit Euler Method

Error Analysis

Error Analysis HE gy Propagation | PY
0.5 T T T T . . ..
"Euler.steps" An absolute error Ay’ on input to an explicit Euler step
0.5*log(x+1)
0.4 - - Yy =y +ax-g(p, X, y") = E(p, X', y', Ax)
yields
03 =
i+1 A +1 _ i A i Ax - i A i
YT AT =y + Ay + Ax-g(p, X'y + Ay')
02 . where the resulting error
1
o1 | i AV 3, (P BX) - By = By' o Ax- e(p X y) - B
| | | | If Z—f =0, then Ay’ is not propagated (see Scenarios 1 and 2). Still an error is
0 induced due to local linearization.
0 0.2 0.4 0.6 0.8 1
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Error Analysis B ... |RWTH _ ... |RWTH
Propagation Wz 0 Hands On! (EXGI’CISG 3) W I i

First two explicit Euler steps for Scenarios 2 (left) and 4 (right).

0.45 :
04
035 |-
03
0.25 |-
02
0.15 |-
01

0.05 -

0 !

T

T T
"Eulersteps.1" —+—
"Euler.steps.2"

0.5*log(x+1)

0 0.2

Both scenarios yield errors due to local linearization (Euler.step.2). The error
from the first step is propagated® in Scenario 4 but not in Scenario 2

(Euler.steps.l).

0.4

0.6 0.8

0.25

0.2

0.15

0.1

0.05

T T T T
"Eulersteps.1" —+—
"Eulersteps.2" —<—
| sqrt(0.5*x**2+1)-1 i
1 1 ¥ 1 1
0 0.2 0.4 0.6 0.8 1

5The purple and green lines of the second step are not parallel.

Plot the solution of explicit Euler integration of

dy _

- = g(p,x,y)

from x =0 to x = 1 for y(0) = 0. Use gnuplot for visualization.

Plot the evolution of the algebraic solution over the same interval for
comparison.
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Exercise 3
Notes W I s

> Make a copy of the code required for explicit Euler integration of all four
sample scenarios, incIuding config.h, explicit_euler.h, f_px.h, g_p*.h, main.h,
p/main.cpp, px/main.cpp, py/main.cpp, pxy/main.cpp.

» Build, e.g.,

cd pxy
g++ -03 -I$(EIGEN_DIR) -I.. main.cpp -o main.exe

and run ./main.exe to see, e.g., y=0.222964.

» Augment the function T f(T p, T x) in explicit_euler.h with statements for
writing all points (x, y) computed by explicit Euler method into the text
file Euler.steps. Rebuild and run to generate Euler.steps.

» Run gnuplot. Plot both the contents of Euler.steps and the graph of the
corresponding algebraic model, e.g.,

plot "Euler.steps" with linespoints, sqrt(1+0.5*x**2)-1

— exercises/3/

Exercise 3 RWTH

Notes

| [ET—

for Computational
Wz 0 s

You should see the following.”

0s

"Eulersteps™

"Eulersteps™
0.5* 0.5*log(x+1),

04t g
03 B
02 4

01+ B

045 T T T v 025 T T T T
"Eulersteps” —+— "Eulersteps” —+—

04l SqrE2*0.5%x+1)1 —— SQrt(1+0.5%x*52)1 ——

7

assuming m = 100 and use of “set size square” in gnuplot
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Implicit Euler Method
_ H ... | RWITH P m ... | RWIH
Outline W 0 e Executive Summary W B0 e
» The implicit Euler method is applicable to all four scenarios.
Scalar Case » Local textcolorrwth-bluelinearization (first-order truncated Taylor
expansion with step size —Ax) yields a numerical approximation of % by
Simulation a backward finite difference.
Implicit Euler Method > A £l lici [ . : . [ : h
sequence of [implicit] algebraic equations is solved to integrate the
differential model from x =0 to x = 1.
» The corresponding roots are computed by the bisection or the
Newton[-Raphson] methods.
» An error of order > O(Ax?) is induced.
» The implicit Euler method can remain stable (with bounded error) for
larger step sizes than the explicit Euler method.
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Approximate First Derivative

Backward Finite Difference

Truncation of the Taylor expansion of
y:R=>R:y=y(x)

in direction —1 <« —Ax < 0 after the first-order term yields

y(x — Ax) = y(x) — % - Ax + O(AxX?)

and, hence, a first-order accurate approximation of the Jacobian at x as

Y _yA(j —8% L o(ax).

\<\
i
£[&

The error of this backward finite difference approximation is of the order Ax.

— Whiteboard: graphical illustration

Implicit Euler Method

Derivation |7

The implicit Euler method replaces the derivative in the ODE with a backward
finite difference yielding

_)/(P,X) —y(p,x— AX)
Ax

= g(p, x,y(p,x))
and, hence, y(p, x) as the solution of the algebraic equation

y(p,x) — y(p,x — Ax) — Ax - g(p, x,y(p,x)) = 0.

The solution is approximated iteratively for given y(p,0) = y°(p) and Ax > 0.
In the given Scenarios 1-4, y° = 0 is independent of p.

The error of order Ax? of the implicit Euler method can remain bounded for
larger steps sizes than the explicit Euler method. This improved stability comes
at a higher computational cost.
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Implicit Euler Method
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Implicit Euler Method

B sovemos | RANTH B s | RWNTH
Algorithm (P Implementation W2 10 et
The implicit Euler method iteratively solves the following nonlinear equation 1 | int m=100; // number of integration steps
. .. . 2
(a|SO: ImplICIt Euler equatlon): 3 | /// implicit Euler simulation of differential model
. 4 | template<typename T>
. . . X - . s |[Tf(Tp, Tx
riy)Y=y' —y' 1—F-g(p,x’,y’):o7 i=0,....,m—1. . /5coidition){
7 assert(x>=0);
For given initial value y°(p) at x° = 0 and number of integration steps m > 0, 8 // integration step size
the method approximates a root of the residual defined by the left-hand side. o | T deltax=x/m;
10 // initial position fixed to zero
The residual is implemented as follows: n | x=0;
12 // initial state fixed to zero
1 | /// residual of implicit Euler equation 13 T y=0;
2 | template<typename T> 14 int i=0;
3 |Tr(Tp, Tx, Ty, Typrev, T deltax) { 15 while (i<m) {
4 // conditions 16 // implicit Euler step
5 assert(x>=0); 17 y=bisection(p,x,y,delta_x); // root of implicit Euler equation
6 assert(delta_x>0); 18 x=x-+delta_x;
7 // residual 19 i=i+1;
8 return y—y_prev—delta_xxg(p,x,y); 20 h
9 } 21 return y;
2 |}
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Root Findin Root Findin
g o8, e | RWTH g B ... |RWTH
Methods 2 Il g Intermediate Value Theorem and Bisection Method | PY

Let r = r(y) be continuous within a neighborhood y + Ay of y taking values
r(y) and r(y + Ay) at the endpoints of the interval.
We consider two methods for solving the algebraic implicit Euler equation,

namely, the o /1 Then f takes all values between r(y) and
[ r(y + Ay) over the same interval.
> b . WL . .
bisection . If r(y) and r(y + Ay) have different signs,
then f has a root within the interval bounded
and . by y and y + Ay, i.e,
» Newton The simplest possible root finding algorithm follows from iterative / recursive
bisection of the interval [y, y + Ay].
methods. o , :
Unfortunately, the bisection algorithm converges only linearly (too slow) due to
the (worst case) error halved in each step. Neither does it generalize to higher
dimensions. Hence, we are going to investigate superior alternatives.
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Bisection Meth Bisection Meth
section Method B ... | RWITH section Method B ... |RWIH
Implementation | W2 D0 o computatons Implementation 11 [
22 // continue bisection if root not found
1 | /// implicit Euler system solved by bisection 23 else if ((r-<=0&&r_mid<=0)||(r->=0&&r_mid>=0)) {
2 | template<typename T> 24 // search in right half of sign switches there
3 | T bisection(T p, T x, Ty, T deltax) { 2 y=y_mid;
4 // conditions 26
5 assert(x>=0); 0 else {
6 assert(delta x>0); 28 // search in left half otherwise
7 // search interval (smarter search required in general) 2 y_up=y_mid;
8 T y_prev=y, y_up=y+2; 30
9 y=y—2; 31 }
10 // bisection to decrease width of search interval 3 return y;
1 while (fabs(y—y-up)>eps) { 1|}
12 // midpoint of search interval
13 T y_mid=(y_up+y)/2;
14 // residual at lower bound
15 T r=r(p,x,y,y-prev,delta_x),
16 // residual at midpoint
17 r-mid=r(p,x,y-mid,y_prev,delta_x);
18 // collapse search interval if root found
19 if (fabs(r_mid)<eps) {
20 y=y_up=y_mid;

— Whiteboard: graphical illustration
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Implicit Euler Method using Bisection

Inspection of Source Code and Experiments

H implicit_euler_bisection.h u main.h
’ g_pxy.h ﬂ I config.h |
’ cmath ‘ ‘ Eigen/Dense cassert

— 1D/simulation/differential /implicit_euler/bisection/

Root Finding

Linearization |7

The solution of linear equations (to find their roots) amounts to simple scalar
division. The solution of nonlinear equations can be challenging.

Many numerical methods for nonlinear problems, such as r(y) = 0, rely on
local replacement of the target function with an affine (in Ay) approximation
derived from the truncated Taylor expansion and “hoping” that

rly +Ay)=r(y)+r' - Ay,

with a reasonably small error.
r'" = r'(y) for Scenarios 3 and 4 where g = g(y).

The solution of a sequence of such linear problems is expected to yield an
iterative approximation of the solution to the nonlinear problem.

Further requirements must be satisfied.
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Root Finding
Newton Method

Software and Tools
'1 for Computational
2 Engineering

89

Consider the nonlinear equation r(y) = 0 at some (starting) point y.

Building on the assumption that r(y + Ay) ~ r(y) + r’ - Ay the root finding
problem for r can be replaced locally (at the current y) by the root finding

problem for the linearization

F(Ay)=r(y)+r -Ay.

The right-hand side is a straight line intersecting the r-axis in

(Ay = 0,7(Ay) = r(y)). Solution of

F(Ay)=r(y)+r' -Ay=0

for Ay vyields

implying r(y + Ay) ~ 0.

— Whiteboard: graphical illustration
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Newton Method
Algorithm

B e | RANTH
pof o
| PYR

Engineering

If the new iterate is not close enough to the root, i.e., |r(y + Ay)| > € for some
measure of accuracy of the numerical approximation € > 0, then it becomes the
starting point for the next iteration yielding the recurrence

i+1 i r(yi) .
y'Tt = =~ fori=0,....
r'(y’)

Convergence of the Newton method is not guaranteed in general. See below for
a discussion of local contractiveness of the fixpoint iteration as a sufficient (not
necessary) condition for convergence.
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Newton Method Newton Method

savornoross | [RANTTHL B sneneo | RNTH
Implementation | HE o Implementation |1 Wz 10 e

/// residual of implicit Euler equation
template<typename T>

Tr(Tp Tx Ty, Ty-prev, T deltax) { 22 | /// implicit Euler system solved by Newton method
// conditions 2 | template<typename T>
assert(x>=0); 2 | T newton(T p, Tx, Ty, T deltax) {
assert(delta_x>0); 25 // conditions
// residual 26 assert(x>=0);
return y—y_prev—delta_xxg(p,x,y); 27 assert(delta_x>0);

} 28 // state computed by previous implicit Euler step

29 T y_prev=y;

/// derivative of residual implicit Euler system 20 do {

template<typename T> 31 // Newton step

Tdrdy(T p, Tx, Ty, T deltax) { 32 y=y—r(p,x,y,y-prev,delta_x)/dr_dy(p,x,y,delta_x);
// conditions 33 } while (fabs(r(p,x,y,y-prev,delta_x))>eps);
assert(x>=0); 3 return y;
assert(delta_x>0); 35 |}

// derivative of residual
return 1—delta_xxdg_dy(p,x,y);
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Implicit Euler Method using Newton Method

Newton Method
B | RWTH B ... | RWTH

Symbolic Differentiation W e Implementation W2 10 s

1 | int m=100; // number of integration steps
2
, , 3 | /// implicit Euler simulation of differential model
r'(y)=1-Ax-g'(p,x,y) 4 | template<typename T>
s |[THTp, Tx){
. 6 // condition
yields 7 assert(x>=0);
8 // integration step size
9 T deltax=x/m;
10 // initial position fixed to zero
g(P,X,y)ZP = r’(y)zl 1 x=0:
p 12 // initial state fixed to zero
g(p:x,y) = n = fl(y):]. 13 T y=0;
x+1 14 int i=0;
__Pk / _ P 15 while (i<m) {
g(p,X,y)— y+1 = r(y)_l+AX- (y+1)2 16 // implicit Euler step
p-x p-x 17 y=newton(p,x,y,delta_x); // root of implicit Euler equation
, X, = = / =1+ Ax- 18 x=x-+delta_x;
g(px.y) = oy () TESNE N o
20 }
21 return y;
2 |}
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Implicit Euler Method using Newton Method

Inspection of Source Code and Experiments

Software and Tools
for Computational
2 Engineering

Newton Method

Convergence

for Computational
Wz 0 s

The Newton method can be regarded as a fixed point iteration

y r(y)
y=Hy)=y— -~
r'(y)
‘ implicit_euler_newton.h | main.h If at the solution
g |dF r'(y) , ry)-r"()| _ [r(y) - r"(y)
L v B ) I or | <h
I g_pxy.h | | config.h | y r\y r\y r\y
then there exists a neighborhood containing values of y for which the
| p { fixed-point iteration converges to this solution.
cmath? ‘ Eigen/Dense cassert
The convergence rate of a fixed-point iteration grows linearly with decreasing
values of |¥|. For ¥ = 0 we get at least quadratic convergence; cubic for
¥ =¥ =0 and so forth. For linear problems (constant r’ = r"” = 0), the
— 1D/simulation/differential /implicit_euler/newton/ . . . .
Newton method requires a single iteration to converge.
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Contractiveness of Fixpoint Iteration

lllustration

W oo | RNNTH

'1 for Computational
2 Engineering

B e | RANTH
o ool
|7

Engineering

Hands On! (Exercise 4)

Implement root finding for the function
y = sin(x)
by the the bisection and Newton methods. Write corresponding SNC++

scripts.

For the Newton method, keep track of local contractiveness by reporting the
value of

d¥
dx

<1 divergence for |92 > 1 In every iteration.
dy | — dy
Experiment with different starting points and initial search intervals.
Naumann, Fundamental Numerical Methods for Model Parameter Estimation 99 Naumann, Fundamental Numerical Methods for Model Parameter Estimation 100



Exercise 4
| [p— RWNTH
Notes W I o

» Copy and paste the bisection algorithm from the sample code and modify
the signature to match that of T f(T x).

» Write the first, T df_dx(T x), and second, T ddf_dx_dx(T x), derivatives of the
function T (T x) that implements y = f(x) = sin(x).

» Implement the Newton method, T newton(T x), with convergence defined as
|f(x)| falling below some 0 < e < 1, e.g., e = 10~".

» In each Newton iteration, print the value of

Simulation RWTH

Parameter Sensitivity Analysis "

Simulation yields

y[=y(p,x)] = y(p) -

Parameter sensitivity analysis aims to quantify the impact of (tiny) errors in p
on the result of the simulation.

The first derivative

dF| | F(x) - F(x)

prod Il 7 dy

dx f'(x) —eR

dp
is computed for this purpose.
— exercises/4/
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Parameter Sensitivity Analysis Central Finite Difference
Central Finite Difference W I Proof of Second-Order Accuracy W2 10 e

Large absolute values of Z_,y: indicate high sensitivity of the solution with respect
to (to be abbreviated in the following as wrt.) likely errors in the free parameter
p.

The central finite difference

y(p+Ap) —y(p—Ap)
> Ap (1)

y'(Ap) =

yields a second-order accurate approximation of the first derivative, that is,

y' =7 (8p) +O(ApP?) .

— Whiteboard: graphical illustration

The error of central finite difference approximation is of the order Ap?. Hence,
central finite differences are more accurate that forward or backward finite
differences as Ap? < Ap for 0 < Ap < 1.

Subtraction of the second-order Taylor expansion in direction —Ap < 0

1
y(p=Ap)=y(p) =y - Ap+ 5 -y Ap* — O(Ap°)

from the second-order Taylor expansion in direction Ap > 0

1
y(p+Ap)=y(p)+y - Dp+35-y" - Ap* + O(Ap°)

yields
y(p+Ap)—y(p—2p)=2-y" - Ap+ O(Ap®)

and, hence, Equation (1).
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Hands On! (Exercise 5) m

Implement the computation of the parameter sensitivity

dy
— €R
dp6

for y(1) approximated by implicit (with Newton method for root finding) as
well as explicit Euler integration of

dy
A 0)=0
5~ &Pxy), y(0) =0,
for g(p, x,y) as in Scenario 4. Use central finite differences.
Compare with the parameter sensitivity of the algebraic model.

Check what happens, if bisection is used for root finding as part of the implicit
Euler method.

Exercise 5 m
Notes 2

» Add

double delta_p=1e—7;

double y_I=f(p—delta_p,x);

double y_r=f(p+delta_p,x);

cout << "dy/dp=" << (y_r—y-l)/(2*delta_p) << endl;

AW N =

to main.h.
» Optional: Isolate the code required for the simulation of Scenario 4.
» You should see the following results:
» algebraic model: Z—i = 0.408248
» differential model with explicit Euler method: % = 0.405693

d
» differential model with implicit Euler method usli’ng Newton method for root
finding: & = 0.403989
If the implicit Euler method is combined with bisection for root finding,

then the wrong result Z—}; = 0.596046 is due to nondifferentiability.

— exercises/5/*
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: B ... | RWTH
r Computation
Outline Wz 0 e
Scalar Case
Optimization
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Optimization
P ... | RWTH
'1 2 for Computationa

Executive Summary ey

» The parameter estimation (also: calibration) problem can be considered as
an unconstrained nonlinear optimization problem.

» General-purpose nonlinear optimization methods such as the gradient
descent and Newton methods can be employed for its solutions.
Conditions apply.

» Linear (in the parameter to be estimated) models (Scenario 1 and Scenario
2) enable the use of more efficient linear regression algorithms such as the
normal equation and Householder methods.

» Linearization and linear regression can be combined for the calibration of
nonlinear models (Scenario 3 and Scenario 4). Conditions apply.
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Optimization G o | ROWTH Optimization B ... |RWTH
Models 2 [0 g Data | PY
We consider continuous models given by numerical solutions of the four initial
value problems described by Scenarios 1-4, that is,

dy ' o

— = ' 0 = 0 :> frd - X r‘r.‘,c:;l,, -

5~ P (0 y=p 4

We consider randomly os| .
dy p generated data
&:X+1;y(0):0 = y=p-log(x+1) .
(x7 y) c R”obs % R”obs o 1

dy p X = (Xi)i:O,...,nobs—l * }

&Zerl;y(o):0 - y=v2px+l-l Y = (¥1)i=0,....n5s—1 - il : |

dy p . X 0 0.2 0.4 0.6 0.8 1

—=—y(0)=0 = =+1+p-x2-1

o yrl y(0) y=+V1+p
Euler integration methods are employed. Symbolic solutions can be derived for
validation.
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Optimization ereere | RWTH Optimization B ... |RWTH
Residual and Objective W 0 Objective W2 100 fpomputna

‘model” ——
“data®

The residual vector

We aim to minimize the least-squares error of the model predictions wrt. the
given data, that is, min, e, where e = e(p, x,y) is implemented as

1 | /// least squares error of model predictions relative to observations
. — (f , x 2 | template<typename T>
r=r(p,x,y) = (f(p,xi) = ¥i)io,... nue—1 3 | T e(T p, VI<T> xobs, VT<T> yobs) {
4 // conditions
> 5 assert(xobs.size()==nobs);
yields a scalar least squares error as 6 aTssertéXObS-S'ZG()::YObS-S'Ze())?
e 7 e=0;
8 int i=0;
9 while (i<nobs) {
Nobs —1 Nobs —1 10 e=e+pow(f(p,xobs(i))—yobs(i),2);
_ — 2 _ T _ 2 2 R
e=e(pxy)=[rfi=r"r=>" 7= (f(p,x) =) ol =it
- - 12
i=0 i=0
13 return ¢;
1 |}
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Optimization
Optimality Conditions W2

Optimization
Active and Passive Variables

The objective

Nobs — 1

The objective
: s —1 e= Y (flp.x;) = yi)°
e=e(p.xy)= Y (f(p.x;) = y)’ _ _ o
i—0 has a (unique?) stationary point at
depends on the model parameter p € R and on given observations de : ———

O “data’ %
-0.229642*x

o
Il

X X y E Rnobs X Rnobs‘ d7p —

Most parameter estimation methods to be discussed require derivatives of the , . |
o _ (necessary (first-order) optimality condi-
objective wrt. the model parameter. Program variables used to hold the values . . . C .
. ; tion). This stationary point is a (local) ]
of e and p are referred to as active. In the same context the program variables
for x and y are passive.

°

minimum as

d’e I .
Data error analysis (to be discussed later) will be based on derivatives of the e = a2 >0
optimal p wrt. x and y making all three program variables active despite the o o o o 1
input instance of p being passive. (second-order optimality condition). e.g., f(p,x;) = p- x; for given x, y.

... if e is strictly convex or strictly concave
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Optimization Optimization

P — P W ... | RWIH
Essential Terminology Wz [0 e Essential Terminology W2 10 s

Let f : R — R be continuous over [a, b] C R.
Let f : R — R be continuous over [a, b] C R. Then f is [strictly] convex if

o € fa,bl i1 (25 [ < L0 LI

2 2 Vxo, x1 € [a,b] : <X0;X1> [>]

f is [strictly] concave if

v

(points of all secants above the graph of f)

_ _ ) (points of all secants below the graph of f) : i —
Let f : R — R be twice differentiable over ]

[a, b] C R. Then f is [strictly] convex if " [>
| >0 forall x € [a, b].

Let f : R — R be twice differentiable over
[a, b] C R. Then f is [strictly] concave if " [<

_ 2 o : | <0 forall x € [a, b].
Examples: f(x) = x° and f(x) = €* are strictly con-

vex over R; f(x) = 42-x is (not strictly) convex over
R.

Examples: f(x) = —x? and f(x) = —e* are strictly
concave over R; f(x) = 42 - x is (not strictly) con-
cave over R.
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Got It?

Over which of its subdomains is sin(x) strictly convex / concave?
Over which of its subdomains is cos(x) strictly convex / concave?

Is |x]| strictly convex?

vvyyy

For which values of p > 0 is the following function convex and
differentiable at x = 07

—-X x<-—p
f(x)=¢x x>p
p —pP<x<p.

Is it also strictly convex?

» For which values of p > 0 is the following function strictly concave and
differentiable over it entire domain?

)P —pP=<Xx<p
fl) = —x2 (x<=p)A(x>p).

Outline

Scalar Case

Optimization
Bisection Method

Naumann, Fundamental Numerical Methods for Model Parameter Estimation 117

Bisection Method sinemsros | IRANTH

Derivation B, 0 e

Apart from grid search (see Exercise 1), the computation of a (in this course
“the” due to uniqueness) root

de

e'(p)=—(p)=0cR
(p) dp(p)
of the first derivative of the objective e wrt. the parameter p, to satisfy the

necessary first-order optimality criterion, turns out to be simplest method.
Knowing p € R and p € R, such that €’(p) and €'(p) exhibit different signs, a
(the) root can be approximated iteratively using bisection of the interval [p, p]

as described in the context of the implicit Euler method.

Convergence of this method is slow. It does not generalize to the vector case.

© ® N o O A W N

N O
H S © ® N o O & @ N = O
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Bisection Method

Implementation |

118

/// Stationary point of objective wrt. model parameter by bisection
template<typename T>
T fit(T p, VI<T> xobs, VT<T> yobs) {
// conditions
assert(xobs.size()==nobs);
assert(xobs.size()==yobs.size());
// search interval (smarter search required in general)
T p_up=p+10;
p=p—10;
// iterative bisection to decrease width of search interval
while (fabs(p—p-up)>eps) {
// midpoint of search interval
T p-mid=(p_up+p)/2;
// derivative of objective at lower bound
T dedp=de_dp(p,xobs,yobs);
// derivative of objective at midpoint
T dedp-mid=de_dp(p-mid,xobs,yobs);
// collapse search interval if stationary point found
if (fabs(dedp_mid)<eps) {
p=p-up=p-mid;

}
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23
24
25
26
27
28
29
30
31

Bisection Method
Implementation Il HE frComptions

Bisection Method

for Computational

Inspection of Source Code and Experiments W 10 s

// continue bisection if stationary point not found

else if ((dedp<=0&&dedp_mid<=0)||(dedp>=0&&dedp_mid>=0)) {
// search in right half of sign switches there
p=p-mid;

} else {
// search in left half otherwise
p-up=p-mid;

}

}

return p;

| bisection.h ‘ main.h ‘

| g_pxy.h | | explicit_eulerh | @ective.h

config.h deo.hpp

Fﬂﬁ—‘ ‘ Eigen/Dense _cassert |

— 1D/optimization /bisection /*

Naumann, Fundamental Numerical Methods for Model Parameter Estimation
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Scalar Case

Optimization

Gradient Descent Method
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Gradient Descent Method ® o | RWITH

Executive Summary W2 [0 mmatone

» “Going downhill” appears to be a reasonable heuristic for minimization.
» The negative first derivative (gradient) points downbhill.

» The main question is about “how far”" to follow it in order to ensure a
decrease in the objective. Line search is employed.

» The accuracy of the first derivative can be crucial for the performance of
gradient descent. Exact differentiation methods are required instead of
numerical approximation by finite differences.

» Algorithmic differentiation (AD) turns out to be the preferred method.
The AD library dco/c++ enables exact and efficient numerical
differentiation of differentiable programs.
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Gradient Descent Method
Derivation 2

The negative first derivative (also: gradient in vector case) points into the
direction of steepest descent, which turns out to be a reasonable search
direction in the context of continuous minimization.

Starting from some initial estimate for the stationary point p, the gradient
descent method iteratively takes steps in direction of the negative gradient,

p:=p—¢ while|e|>c¢€.

In the scalar case the choice is between stepping toward —oo or co. The first
derivative €’ indicates local increase (¢’ > 0) or decrease (e’ < 0) of the the
function value.

Gradient Descent Method

Local Convergence W2

Validation of a local minimum at requires e’ > 0. Similarly, a local maximum is
found if ” < 0. €” = 0 indicates a degenerate (locally not unique) stationary
point.

The gradient descent method amounts to a fixpoint iteration as
p=2&p) =p—c¢.

The above converges locally, that is, there is a neighborhood of the current
iterate p, such that a gradient descent step yields a decrease in |e’| = |€/(p)], if
& is locally contractive, that is,

dé
’d = |1 — e//‘ < 1
Aiming for decrease the next step should be toward —oc if ¢’ > 0 or toward oo P
if e < 0. No further local decrease in the function value can be achieved for implying
. . - /!
e’ = 0 (necessary optimality condition). 0<e’"<2.
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Contractiveness of Fixpoint lteration Gradient Descent Method
_ P ) B .ooc. | RWTH
Illustration W2 [0 oompaatont Issues W2 10 et
T T
X+2*cos(x)
6k i
i A |
> 4 3 2 1 0 01 2 3 4 <
convergence for ? <1 divergence for ? >1 8 : : : ! :
P P 5 45 4 35 3 25 2

Note potential for " ping-pong” (step length too long) or “near-stalling” (step
length too short).
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Gradient Descent Method

Interactively! 2 Ml g Locality Wz I e
2 T T T
X+2*cos(x)
lllustrate the “ping-pong” effect of gradient descent applied to min, 7(x) for
f(x) = x2
Note: f” = 2 violates the local contractiveness criterion.
lllustrate the “near-stalling” effect of gradient descent applied to min, f(x) for
f(x) = x8.
Note: f’ = 8- x” results in immediate convergence for x still rather far from
zero, e.g., x = 1073, aal ,
_16 Il Il Il Il Il Il Il Il
-1 10 9 8 -7 6 5 4 3 2
i dient_d _conv * . " "o .
7 mise/gradient-descent-convergence/ Note potential for "random” jumps across local maxima.
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Gradient Descent Method Gradient Descent
Line Search Wz [0 g Implementation W2 10 gt
1 | /// stationary point of objective wrt. model parameter by the gradient descent method
. . . . . 2 | template<typename T>
It remains to be decided how large the step into the current descent direction s | T fit(T p, VT<T> xobs, VT<T> yobs) {
should be. The step size is typically damped in order to ensure continued 4 // conditions
progress toward min,cr e(p, X,y) yielding the recurrence 5 | assert(xobs.size()==nobs);
6 assert(xobs.size()==yobs.size());
L ’ . ’ 7 // derivative of objective wrt. model parameter
p:=p—a-e whiele]|>c. 8 T dedp=de_dp(p,xobs,yobs);
. 8 . . ) . . 9 // search for stationary point of objective wrt. model parameter
The damping parameter® « is often determined by line search, e.g., by iterative 1, | do {
bisection starting from o = 1. More rigorously, optimal o can be computed that n // simple line search
maximize the decrease, which is rarely done due to higher computational cost. 12 T alpha=1;
13 T e_=e(p,xobs,yobs);
14 while (e(p—alphaxdedp,xobs,yobs)>=e_) {
. . . . e e 15 alpha=alpha/2;
The gradient descent method with line search is globally convergent (in infinite . } P pha/
precision arithmetic). Convergence is linear (slow). ” /] gradient descent step
18 p=p—alphaxdedp;
19 dedp=de_dp(p,xobs,yobs);
20 } while (fabs(dedp)>eps); // convergence criterion
21 return p;
8also known as learning rate in machine learning 2 |}
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e’ by AD

Motivation

Accurate derivatives are highly desirable. Symbolic differentiation can be
tedious and error-prone. For higher derivatives, the size of the symbolic
derivative expression grows exponentially with the order due to the chain,

b=f(g(a)) = b =f(g(a)) g'(a),

and product,
(a-b) =a -b+a-b,
rules of differentiation. Common subexpressions appear. E.g.,
f(x) = sin(cos(x)) yields
f'(x) = cos(cos(x)) - (—sin(x))
" (x) = —sin(cos(x)) - (= sin(x)) - (= sin(x)) + cos(cos(x)) - (— cos(x))
'(x)=...

AD automates the differentiation of differentiable programs. It avoids
exponential computational complexity of higher derivatives.

¢ by AD
First-Order Tangents W 10 e

First-order tangents

e RxR—-R: eV =e®(p pl)

of °
e:R—=R: e=e(p)

are scaled first derivatives of e, i.e,

e — eM(p py =& . pV)

where p() =1 yields

Superscripts (1) are used to denote first-order tangents of functions and
(program) variables.

9Dependence of e on observations x and y is omitted to simplify the notation.
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First-Order Tangents with dco/c++

Overview W2 I o

The dco/c++ Iibrary10 is a commercial AD solution by nAG Ltd., Oxford, UK. It
has been developed jointly with STCE since 2006.

All active program variables must have their types changed into the custom
first-order tangent type dco::gtls<double>::type featuring value and tangent
components.

Both value and tangent are initialized to zero at the time of declaration.

Read and write accesses to the value of a scalar program variable v is provided
by dco::value(v). Read and write accesses to the corresponding tangent is
provided by dco::derivative(v).

Second and higher derivatives are supported.

10derivative code by overloading in C++
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First-Order Tangents with dco/c++

lllustration W2 [0 mmatone

In dco/c++ all relevant floating-point operations (e.g., sin and pow) are
overloaded for variables of tangent type dco::gtls<double>::type to compute both
values v and tangents v(1).

E.g., let

Tangent AD augments this decom-
posed program with the evaluation of
tangents as

y = f(x) = sin(x?)

be implemented as the differentiable

program < v > B ( X2 >
1)) = 1
double f(double x) { v®) 2. x-xM

return sin(pow(x,2)); y N sin(v)
} y® ) = \ecos(v) - v )

This program is evaluated at runtime
as a sequence of elemental operations  Setting x(1) = 1 yields
as

. f
v=x% y=sin(v). y(l):Z—:cos(x2)-2-x.
Ix

Naumann, Fundamental Numerical Methods for Model Parameter Estimation 135

Naumann, Fundamental Numerical Methods for Model Parameter Estimation 136



First-Order Tangents with dco/c++
Cheat Sheet

e=e(p)
e® = ¢ . p1)

eTT

p-t=(p, pV)
et= (e, eV))

dco::value(‘,/ Nﬁ::derivative(...)

© ® N o s W N

= e
N R O

e’ by AD

Implementation W2

#include "dco.hpp”

/// first derivative of objective wrt. model parameter by tangent AD
template<typename T>
T de_dp(T p, VT<T> xobs, VT<T> yobs) {
// conditions
assert(xobs.size()==nobs);
assert(xobs.size()==yobs.size());
// tangent type
using TT=dco::gtls<T>:type;
// activation

TT p_t=p, e_t;

v € double v ¢ double 13 // seeding derivative of model parameter
14 dco::derivative(p-t)=1;
15 // overloaded computation of objective (explicit template instantiation required due to passive xobs and
yobs)
using T T=dco::gtls<double>::type; 16 e,t:e<T.T>(p.,t,x.obs,yob.s); .
TT p.tet: 17 // harvesting derivative of objective wrt. model parameter
T 18 return dco::derivative(e_t);
v |}
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e’ by AD e” by Finite Difference
oy B ... | RWIH y e m
Building Wz [0 e Second-Order Central Finite Difference W2

Let

» the source be given as main.cpp.
» the dco/c++ library be installed in thirdParty/dcocpp.
» the Eigen library be installed in thirdParty/eigen.

To build type

export NAG_KUSARI_FILE=../../../../thirdParty/dcocpp/nag_key.txt

g++ —I../../../../thirdParty/eigen —I../../../../thirdParty /dcocpp/include \
—DDCO_DISABLE_AUTO_WARNING —DDCO_DISABLE_AVX2_WARNING \
—DDCO_EXT_EIGEN_IGNORE_VERSION —DDCO_CHUNK_TAPE \

—DDCO_NO_INTERMEDIATES —L../../../../thirdParty/dcocpp/lib \
—Idcoc —I.. main.cpp —o main.exe

Refer to the dco/c++ user guide for details.

The second-order optimality criterion for a local minimum requires the second
derivative of e, which can be approximated as the derivative of [a finite
difference approximation of] €’.

e'(p+ Ap,Ap) — €'(p— Ap,Ap)
2-Ap

e’(x) = €"(p, Ap) ~

e(p+2-Ap)—2-¢e(p)+e(p—2-Ap)
4. Ap?

The first expression yields natural approaches to implementing second-order
finite differences as first-order finite differences of implementations of the first
derivative.
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e” by Finite Difference

Central Finite Difference over Tangent

Software and Tools
for Computational
2 Engineering

The second expression suggests potential numerical issues due to squaring of an

e” by Finite Difference

Central Finite Difference over Tangent

| [ET—

for Computational
Wz 0 s

|dea||y small Ap 1 | /// derivative of derivative of objective wrt. model parameter wrt. model parameter by finite differences
2 | template<typename T>
A numerically more stable validation of the second-order optimality criterion ; T 7/‘]':::5if02’5°fd(T p. VT<T> xobs, VI <T> yobs) {
can be approximated as a [central] finite difference of the given tangent 5 assert(xobs.size()==nobs);
objective as follows: 6 assert(xobs.size()==yobs.size());
7 // perturbing approx. midpoint of mantissa
8 T delta_p=eps;
) _eM(p— o | if (p'=0) {
el Ap,1)—e Ap,1
&'(Ap) = (p+4p,1) (p p.1) 10 delta_p=delta_pxfabs(p);
2-Ap 1 }
12 // central finite difference of first derivative
13 return (de_dp(p+delta_p,xobs,yobs)—de_dp(p—delta_p,xobs,yobs))/(delta_p+delta_p);
One would like to see |}
&' (Ap) > 0.
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e’ by B oo | RWTH e by B .ooc. | RWTH
Tangent of ¢’ Wz 0 Tangent of &’ W2 1 o
First-order tangents
/(1) . ] (1) (1) (1) 1 | /// derivative of derivative of objective wrt. model parameter wrt. model parameter by tangent AD
€ RxR—=R: "7 =e"(p,p") 2 | template<typename T>
A1 3 | T dde_dp_dp(T p, VT<T> xobs, VT<T> yobs) {
o , , , 4 // conditions
e :R—->R: € =¢€(p) 5 assert(xobs.size()==nobs);
. L 6 assert(xobs.size()==yobs.size());
yield second derivatives of 7 // tangent type
8 using TT=dco::gtls<T>:type;
e:R—->R: 9 // activation

as

oM — e/(l)(p7 p(l)) — . p(l) 7

where p(t) =1 yields

T e e < T =
o o A W N = O

TT p_t=p, dedp_t;

// seeding derivative of model parameter

dco::derivative(p-t)=1;

// overloaded computation of derivative of objective wrt. model parameter
dedp_t=de_dp<TT>(p_t,xobs,yobs);

// harvesting derivative of derivative of objective wrt. model parameter wrt. model parameter
return dco::derivative(dedp_t);

2
Y d2e |}
el'=—cR.
dp?
pependence of e’ on x is omitted to simplify the notation.
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Gradient Descent Method

Inspection of Source Code and Experiments %

implicit_euler_newton.h main.h

gradient_descent.h error_analysis.h iostream

[apot ] =
Fcﬁ&_i dco.hpp
cmath ‘ cassert ‘ ‘ Eigen/Dense

— 1D/optimization/gradient_descent/*
Refer to upcoming discussion of error analysis for details on error_analysis.h.
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Hands On! (Exercise 6) S

Compute local minima of

) /\ /\\exmsmu-«zn—("
y = esin(Px) J /R\ / \ x“/ |
. “‘ ‘\ // \ \ | ]
. . . R / Vo
Implement the required first derivatives TR - \\ /]
- Vi \V,

1. symbolically ”

2. numerically (central finite differences) R

3. algorithmically (dco/++).

Use second-order tangent AD to check the second-order optimality criterion.

Experiment with different starting points and values of the parameter p.
Record the number of iterations performed.

Implement the bisection method and compare the results.

145
Exercise 6 -
Notes 2

for Computational
Engineering

» Implement the gradient descent method (copy'n’paste from sample code).

» Implement the first, T df_dx(T p, T x), and second, T ddf_dx_dx(T p, T x),
derivatives of

1 | template<typename T>

2 |[TH(Tp, Tx){

3 return exp(sin(pxpow(x,2)));
4

}

» Build and run to see
+++++++tt o+
x=27.4301
y=0.367879
dfdx=1.64092e-08
ddfdxx=1107.19

for p = x = 1. The number of iterations is equal to the number of +'s
printed.

» Play with p and x.

—> exercises/6/
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Data Error Analysis .
Motivation W )

zzzzzzzzz

For given data (x,y) € R x R™= and model f : R xR = R :y = f(p, x),
parameter estimation computes p € R such that the least squares error of
model predictions wrt. the data is minimized, that is,

Nobs —1

> (flp.xi) = yi)

i=0

o(p,v) = argmin,e = argmin,,

where v = (;) € R? obs
Data error analysis aims to quantify the sensitivity of the optimal p wrt. highly
likely (infinitesimal) errors in the data, that is, the gradient

T
v= (%) exone
Vv

needs to be computed. Large sensitivity wrt. a data point implies (at least) the
need for more precise observation techniques.

147
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Data Error Analysis

Essential Terminology

Let R?"s be the domain of the multivariate scalar function ¢ : R? % — R,

The function ¢ is continuous at a point ¥ € R? b if

lim 6(v) = 6()

v—V

The function ¢ is differentiable at ¥ if there is a vector ¢’ € R? ™ such that

oV + Av) = ¢(v) + ¢ AVt
with asymptotically vanishing remainder r = r(¥, Av) € R, such that

lim —— =0.
avo [[Av]

¢’ is called the gradient of ¢.

Data Error Analysis
[Central] Finite Differences

The central finite difference

d(p,v+ Av;-e;) — d(p,v— Ay - e;)
2- AV,'

/ ~
Pi Ro(|av|3)

yields a second-order accurate approximation of the gradient

¢/ = (¢;)i:0,...2'nob5—1

The runtime of approximating ¢’ is equal to 2 - nops - O(Cost(¢)).

L i=0,...2 ngps — 1
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Data Error Analysis by Central Finite Differences

Implementation |

Software and Tools
for Computational
ngineering

||
73
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/// error analysis by central finite differences
template<typename T>
VT<T> dp_dobs_cfd(T p, VT<T> xobs, VT<T> yobs) {
// conditions
assert(xobs.size()==nobs);
assert(xobs.size()==yobs.size());
// return value
VT<T> dpdobs(2%nobs);
int i=0, j=0;
while (i<nobs) {
T xobs_i_save=xobs(i), yobs_i_save=yobs(i), pp, pm;
// perturbing approx. midpoint of mantissa
T delta=eps;
if (xobs(i)!=0) {
delta=delta*fabs(xobs(i));
}
// central finite difference quotient
xobs(i)=xobs(i)+delta;
pp=fit(p,xobs,yobs);
xobs(i)=xobs_i_save—delta;
pm=fit(p,xobs,yobs);

22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
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Data Error Analysis by Central Finite Differences

Implementation Il W2
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xobs(i)=xobs_i_save;
dpdobs(j)=(pp—pm)/(delta+delta); j=j+1;
// perturbing approx. midpoint of mantissa
delta=eps;
if (yobs(i)!=0) {

delta=deltaxfabs(yobs(i));
}
// central finite difference quotient
yobs(i)=yobs(i)+delta;
pp=fit(p,xobs,yobs);
yobs(i)=yobs_i_save—delta;
pm=fit(p,xobs,yobs);
yobs(i)=yobs_i_save;
dpdobs(j)=(pp—pm)/(delta+delta); j=j+1;
i=i+1;

return dpdobs;

}
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Data Error Analysis
Tangent AD

Tangent AD

yields the gradient

¢I = (¢;)i:0,...2~n0b5—1

with machine accuracy.

Note that the program variable p is a passive input yielding p() = 0. An

Gradients by Tangent AD

lllustration |7

Tangent AD yields

Let
= 1 1
y = f(x) =sin(xp - x1) v xé )'X1+X0'X£ )
y o\ sin(v)
y® ] 7 \cos(v) - vV

Setting xél) =1 and xl(l) = 0 yields

be implemented as the differentiable
program

double f(VT <double> x) {
return sin(x(0)*x(1));

df
(1 2
y dx

o = cos(xp - x1) - X1.
decomposing into 0

(1)

B . (1 _ o
implementation of ¢(1) may use the same program variable to return the V=X X Similarly, x°* = 0 and x;* = 1 yields
optimal p, making it an active output. y =sin(v) . "
1
. . . y' = — = cos(xp - x1) - X0
The runtime of computing ¢’ is equal to 2 - ngps - O(Cost(¢)). dxq
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Data Error Analysis by Tangent AD Data Error Analysis by Tangent AD
(Analysis by fang H ... |RWIH (Analysis by lang m RWTH
Implementation | Wz 0 Implementation Il iz

/// error analysis by tangent AD
template<typename T>
VT<T> dp_dobs_tad(T p, VT<T> xobs, VT<T> yobs) {
// conditions
assert(xobs.size()==nobs); assert(xobs.size()==yobs.size());
// tangent type
using TT=dco::gtls<T>:type;
// activation
TT p_t; VI<TT> xobs_t(nobs), yobs_t(nobs);
int i=0;
while (i<nobs) {
xobs_t(i)=xobs(i); yobs_t(i)=yobs(i); i=i+1;

// return value
VT<T> dpdobs(2#nobs);
int j=0; i=0;
while (i<nobs) {
// tangent in standard basis direction of current point of observation
p-t=p; // reset model parameter to its initial value
// seed
dco::derivative(xobs_t(i))=1;

22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41

// overloaded parameter fitting
p-t=fit(p-t,xobs_t,yobs_t); // all arguments of same type
// harvest
dpdobs(j)=dco::derivative(p_t); j=j+1;
// enable correct next seed
dco::derivative(xobs_t(i))=0;
// tangent in standard basis direction of current observed value
p-t=p; // reset model parameter to its initial value
// seed
dco::derivative(yobs_t(i))=1;
// overloaded parameter fitting
p-t=fit(p-t,xobs_t,yobs_t);
// harvest
dpdobs(j)=dco::derivative(p-t); j=j+1;
// enable correct next seed
dco::derivative(yobs_t(i))=0;
i=i+1;

return dpdobs;

}
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Data Error Analysis -
Adjoint AD [

Adjoint AD
¢ = pay = ¢(1)(P7\1/7V>\ 0)
=Py =vq)
yields the gradient ¢’ = d—C € R?Mbs with machine accuracy. Subscripts *(1) are

used to denote first-order adjoints.

We use “:=" to denote imperative assignment as opposed to equality (“=")
since the program variable p(;) appears both on the left- and right-hand sides.

Note that the adjoint v(;) of v is an output of ¢(j). It is not an output of ¢
yielding v(1) = 0 as input to ¢(y).

The runtime of computing ¢’ is equal to 1 - O(Cost(¢)). For large values of
Nops adjoint AD promises to outperform both finite differences and tangent AD.

First-Order Adjoints with dco/c++
Overview W2

The types of all active program variables must be changed into the custom
first-order adjoint type AT=dco::gals<double>::type featuring value and,
conceptually,!? adjoint components.

The active inputs must be registered with a tape recording the evaluation of
the target function.

The resulting data structure (variable name tape) of type
dco::smart_tape_ptr_t<dco::mode<AT>> is generated during an the execution of the
overloaded target function.

Interpretation of the tape by calling tape—>interpret_adjoint() yields adjoints of
the active inputs for given adjoints of the active outputs.

Both value and adjoint are initialized to zero at the time of declaration. Read
and write access to the value of an active program variable v is provided by
dco::value(v). Its adjoint can be accessed by dco::derivative(v).

Second and higher derivatives are supported.

12Details of the implementation are beyond the scope of this course.
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Gradients by Adjoint AD RWTH Gradients by Adjoint AD - RWTH
Illustration of Scalar Scenario W 0 Illustration of Multivariate Scenario W2 10 e
A sequence of elemental adjoints is evaluated. Data flow reversal is
implemented by interpretation of the tape.
Ya
@ cos(v)
V() = cos(v) - y()
cos(v) V=1x-X . o
y . 1(1) = X0 * V(1)
) y =sin(v) @
vV =x V(1) V(1) = cos(Vv) - y(1) X1 X X0(1) = X1 * V(1)
y =sin(v) X(1) = 2X - V(1)
~ @ @
Y
X(1)
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First-Order Adjoints with dco/c++
Cheat Sheet

pa= (p, P(1))
ea— (e, 6(1))

e = e(p)
’
pa) =€ - eq)
€ AT
dcorvalue(‘./ w:derivative(...)
v € double V(1) € double

using AT=dco::gals<double>::type;
AT p_a,e_a;

© ® N o O A W N

10
11

13
14
15
16
17
18
19
20
21

Data Error Analysis by Adjoint AD

Implementation | W2

/// error analysis by adjoint AD
template<typename T>
VT<T> dp_dobs_aad(T p, VT<T> xobs, VT<T> yobs) {
// conditions
assert(xobs.size()==nobs);
assert(xobs.size()==yobs.size());
// adjoint type
using AT=dco::gals<T>::type;
// tape
dco::smart_tape_ptr_t<dco::mode<AT >> tape;
// activation and registration
AT p_a=p;
VT<AT> xobs_a(nobs), yobs_a(nobs);
int i=0;
while (i<nobs) {
xobs_a(i)=xobs(i);
tape—>register_variable(xobs_a(i));
yobs_a(i)=yobs(i);
tape—>register_variable(yobs_a(i));

22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
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Data Error Analysis by Adjoint AD

Implementation Il

// overloaded parameter fitting

p-a=fit(p_a,xobs_a,yobs_a);

// seed

dco::derivative(p-a)=1;

// interpretation of tape

tape—>interpret_adjoint();

// harvest

VT<T> dpdobs(2*nobs);

int j=0;

i=0;

while (i<nobs) {
dpdobs(j)=dco::derivative(xobs_a(i)); j=j+1;
dpdobs(j)=dco::derivative(yobs_a(i)); j=j+1;
i=i+1;

return dpdobs;

}

i=i+1;
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Hands On!
B . | RWTH
Race W, 0 B

Implement the computation of the gradient ' € R” of the differentiable
program

n—1
y = f(x) =sin Zx,z
i=0
in the tangent and adjoint modes of AD with dco/c++.

Verify equality of the numerical results.

Compare run times and memory requirements for increasing n.
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Hands On! (Exercise 7) m

Modify the sample implementation of the gradient descent method applied to
Scenario 4 such that €’ is computed by adjoint AD with dco/c++ as

) i R X R x R x Rb= x R x R™= x R — R
Py = ey (Ps P1)s X, X(1), Y, Y(1)» €(1))

of
e:RxR™ xR™ —R: e=e(p,x,Y).

Note that the adjoint €(1) of the exclusive output € is appended to the
argument list of e(y).

Implement

de
Py = €1)(p,0,%,0,y,0,1) = TER.

Exercise 7 m
Notes 2

» Copy all relevant files, that is,

config.h g_pxy.h implicit_euler_newton.h main.cpp
objective.h gradient_descent.h main.h

into separate directory. Remove data error analysis from main.h.

» Modify the function T de_dp(T p, VT<T> xobs, VT<T> yobs) for use with
dco/c++ in adjoint mode.

» Build and run to see results matching those obtained by tangent AD.

» Note that there is no runtime benefit compared to tangent AD. Actually, a
slowdown can be expected for computing the first derivative of a
univariate scalar function due to data flow reversal.

— exercises/7/
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Data Error Analysis

W .
Symbolic Differentiation Wz [0 g

The first-order optimality condition

de

v)=20
dp(p, )
for the parameter estimation problem

min e(p, v)
p

defines p = p(v) as an implicit function, yielding
the (directed acyclic) data dependence graph on
the right.

We distinguish between partial, e.g., %, and total, e.g., %, derivatives. Total
derivatives capture all dependences wrt. the active argument (e.g., there are no
alternative paths from v to p apart from the edge labelled %). Partial
derivatives do not (e.g., there is an alternative path from v to e in addition to
the edge labelled 2¢).
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Data Error Analysis
s _y_ B e | RANTH
Symbolic Differentiation 2 1) o commuaiona

Let p = p(v) = min, e(p(v), v) for the twice continuously differentiable
objective e : R x R™»= — R. Differentiation of the first-order optimality
condition

de
d—p(p’ V) =0
at the solution p € R wrt. v yields
) d
d’e B adje, d’e dp 0
dpdv 0w dp? dv
— ~~ ~
GRIX"obs ERlX”obs cR ERlX”obs
and, hence,
@ _ __ Ov __ op
T e &2
dv Tpg T;)g
implying ...
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Data Error Analysis -
Symbolic Differentiation %

... the tangent

Data Error Analysis by Symbolic Differentiation

Implementation W2

oge . - -
d _dv 1 | /// error analysis by symbolic differentiation
p(l) — 9p v = ddQP v > | template<typename T>
Wf 3 | VT<T> dp-dobs_sym(T p, VT<T> xobs, VT<T> yobs) {
4 // conditions
5 assert(xobs.size()==nobs);
and the adjoint 6 assert(xobs.size()==yobs.size());
Hde 7 // result of differentiation of first—order optimality condition
- dp Ti: 8 return —dde_dobs_dp(p,xobs,yobs)/dde_dp_dp(p,xobs,yobs);
V) =P gy T PO g o |}
dp?
Set - where dde_dxobs_dp(p,xobs,yobs) is preferably computed by tangent AD applied to
€t Py = 2 Tor o de the gradient of the objective wrt. the observations.
d
dp _—— — ap . . -
dv % The latter should be computed by adjoint AD as typically ngps > 1.
p
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Exercise 8

Hands On! (Exercise 8) W I e Notes W I
Bynldmg on Exercise 7, compare the run- T > Copy the code from Exercise 7.
times of data error analysis by tangent
vs. adjoint AD for growing values .of H “E ] » Measure the runtimes of the different data error analysis methods (tangent
”obS_- You 5h°U|d_ observe the behavior “ AD, adjoint AD, central finite differences, symbolic differentiation) for
depicted on the right. g 1 nops = 1000, 2000, 4000, 8000. Use
The relative (wrt. an evaluation of e) N ] time ./main.exe
runtime of €’ by tangent AD grows with
Nobs- The relative of e’ by adjoint AD is - » Store the runtimes t = t(nops) as a sequence of pairs (Nobs, t) in four
independent of ngps. om0 10000 different text files (tangentAD, adjointAD, cfd, symdiff).

nobs

Collect similar data for the symbolic differentiation and [central] finite
differences methods and add them to the plot.

Replace gradient descent by the bisection method with initial search interval
[-1.5: 0.5]. Compare the results.

» Plot the results.

» Run gnuplot.
» Type plot "tangentAD" with linespoints (append the remaining three
files separated by commas.
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Linear Regression

1
2

Outline W Executive Summary |
» Linearity of the model in its parameter yields linear regression problems
Scalar Case (e.g., Scenario 1 and Scenario 2).
» Exploitation of their special properties yields better performing numerical
optimization methods, including normal equation and Householder
L methods.
Optimization
» Parameter estimation amounts to a quadratic minimization problem.
Linear Regression Methods Linear regression methods compute the unique solution very efficiently.
» Both the normal equation and Householder method for linear regression
generalize to the vector case (p € R, n, > 1). The numerical stability of
the former may become unsatisfactory due to poor conditioning®3.
13See material on vector case for more.
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Calibration B o | RWTH Linear Regression B o | RWTH
Linear Regression Wz [0 g Simulation W2 10 gt
- 14 .
Let the linear™ (in p) model The above holds for both Scenario 1 and Scenario 2, yielding
) . 15 / _ df dy / ’
fIRXR—=R:y="f(p,x)= f(X)'P:*p(X)'P d—:p;y(O):O = g'x)=1, f'(x)=x
Ix
dy p 1
. —~— =——y(0)=0 = "(x) = , f(x) = log(x +1).
be implemented as dx x+1 y(0) g (x) x+1’ (*) &( )

template<typename T>
Tf(T p, T x);

computing the solution of the initial value problem

dy
dx

A linear (in p) right-hand side g(p, x) = g’(x) - p

14

more generally, affine
5 Equality follows immediately from linearity in p.

= g(p,x), y(p,0)=0.

dg

dp

(x) - p is implied.

For simulation we combine implicit Euler integration of the given initial value
problems with Newton's method for root finding.

Combination with bisection results in erroneous behavior due to
non-differentiability (see Exercise 9).

Implementation of a similar setup for explicit Euler integration follows naturally.

Naumann, Fundamental Numerical Methods for Model Parameter Estimation

175

Naumann, Fundamental Numerical Methods for Model Parameter Estimation 176



[Linear] Regression

[Linear] Regression

Data 2 Il g Residual and Error W2 [0 gemtone!
The residual vector
_ — N Nop
1 : . . T r= r(pa X, y) - (f(p,X,) y’)i:O,...,nobs—l € R
"data" x
We consider randoml L x . . ) .
y o3 yields a scalar error as its squared Euclidean norm, that is,
generated data
) i nobs_l nobs_l
X y c R"obs X Rnobs o - > 2 2
t.¥) e=lr3= Y 2= (F(px)—yi)?.
X = (Xi)O,..‘,nobs—l * i=0 i=0
051 L
y = (yi)oanwnobs_l : * . . . .
The first derivative of the residual wrt. p
40 olz ol.a ol.s ul.s 1 , dr
rr=—
dp
is required for linear as well as for nonlinear regression (to be discussed later).
It can be computed accurately by (tangent) AD.
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Essential Terminolo
gy B ... |RWTH ... |RWTH
W W Hands On! W W e

Vector (and Vector-Induced Matrix) Norms

The magnitude of a vector v € R* is measured by its norms defined as

Visualize the set of all vectors v € R? with

pn—1 k
Ile= (1wl . ee.
i=0
pn—1
1-norm: vlly =" v
0 Lo flv[p=1
2 iy 2. vlla=1
2-norm: v]l2 = Z lvi|2 = Z vi=vvT -v vl
— — 3. |Ivl[jeo = 1.
i=0 i=0
Squared 2-norm: Iv[Z=v" v
00 — norm: IV][oo = ogwga;i(—l [vi|
Vector-induced matrix norms can be defined such that the norms of single-row matrices
become equivalent to the corresponding vector norm, e.g., ||Al|1 = maxj—o,...,—1 Zf?()l lai j
for A € RHXV,
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[Linear] Regression

[Linear] Regression

'1. sonremon | IRNNTHL B e | RWTH
Residual r 2 [ B ™™ Derivative of Residual by AD W 10 e
1 | /// model
2 | template<typename T> For the given Scenarios 1-4, the residual
3 | THTp, Tx);
4
. Nob: Nob Nob
5 | /// residual of model predictions relative to observations r:R xR x R — R
6 | template<typename T>
7 | VT<T> (T p, VT<T> xobs, VT<T> yobs) { is differentiable wrt. p (also wrt. x and y).
8 // conditions
9 assert(xobs.size()==nobs); ) ) ] o
10 assert(xobs.size()==yobs.size()); Its scalar components r;, i =0, ..., nops can be differentiated individually
1 // return value y|e|d|ng
12 VT<T> r(nobs);
13 int i=0;
14 while (i<nobs) { ;. dr dr,' dr,‘ (1) dr,' (1) dr (1)
15 // model error relative to observations r = df - df - df P - df : - df - p
16 r_(i)=F(p,xobs(i))—yobs(i); p p P p p
17 i=i+1;
2 for p = 1b AD
19 return r_; or pt*) =1 by tangent .
20 |}
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Linear| Regression Linear| Regression
[Linear] Regres B .. | RWTH [Linear] Reg B .ooc. | RWTH
Derivative of Residual by AD W 0 Objective W2 10 e
1 | /// derivative of residual wrt. model parameter . . - .
» | template<typename T> We a_lm to minimize the error of the model predictions wrt. the given data,
5 | VT<T> drdp(T p, VT<T> xobs) { that is,
4 // conditions
5 e/ajsertt(xobsl.sme()::nobs); nope—1
6 return value . . T . 2 . N2
7 VT<T> drdp(nobs); mpm €= mp'n (r ’ r) = mp'n ||rH2 = mp'n § (f(p,X,) y/)
8 // tangent type i=0
9 using TT=dco::gtls<T>::type;
10 mt.':Of Note that, in the linear case,
11 while (i<nobs) {
12 // activation
13 TT p_t=p, y-t;
14 // seeding derivative of model parameter r— i (X) o
15 dco::derivative(p-t)=1; - dp i) Py
16 // overloaded computation of model value at current point of observation —~—
17 yt=f<TT>(p-t,xobs(i)); =f' i=0,...,Nops—1
18 // harvesting derivative of residual wrt. model parameter at current point of observation
19 drdp(i)=dco::derivative(y-t); yielding
20 i=i+1; I (] _ /(.
21 } r= (ri)’.:Ow“snobs_l - (f (XI))i:07~-~=nobs_1 .
22 return drdp;
23 |}
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[Linear] Regression Normal Equation Method for Linear Regression

|
Optimality Conditions % Executive Summary W2
Recall that the error .
- n"t’ij (F(x) )2 » The normal equation method for linear regression follows immediately from
€= — Xi) P =i the first-order optimality criterion for the parameter of the objective.
=
has a (unique) stationary point at It is applicable to Scenario 1 and Scenario 2.
f ~0 oz » Exploitation of the special structure of linear regression problems yields a
dp o — simple explicit equation for the optimal parameter. Solutions for arbitrary
(s J .y dition). Thi - instances of linear regression problems can be derived easily.
irst-order optimality condition). is :
stationary point is a (unique) minimum » In the simplest case x - p & y,
as 2 05 ) q
E >0 X XT "y
dp? p=—5— .
. . . . . xT - x
(second-order optimality condition).
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Normal Equation Method - RWTH -
Derivation [ m Hands On! W2
From
—-1 Nops—1
de d Nobs lobs
— = _ fiix) - p—vi)2=2. fiix)-p—v:)-Ff(x: ' '
dp dp ; (FGa) - p = i) ; (F0a) - p = yi) - () Derive the normal equation methods for
nobs_l
T T
:2Zprlr’_rlylz2<prl ,r/_r/ y):o7
i=0
dy
— =p; yv(0)=0 = f(p,x)=p-x
with 1 o — Py (p,x)=p
d2e Nobs —
Sl o/ =2. r? >0
dp? ’ ’ dy P
i=0 x g1 YO=0 = f(px)=p-loglx+1).
follows the normal equation
¢l y
P T

/

as the solution of the linear regression problem p-r x~y.
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Normal Equation Method Normal Equation Method

© ® N O s W N

glp,x)=p IIE g g(p,x) = Fpl W2 10 e
dy ’ dy p / 1
_— = = = = r— 5 = — =, 0 - 0 = -
o glp,x)=p,y(0)=0 (= g'(x)=1) dx g(p,x) X1 y(0) g'(x) X1
4 4
fle.x)=p-x (= f(x)=x) f(p,x)=p-log(x+1) (= f(x)=log(x +1))
4 ¢
' =(f(x)) = x r' = (f'(x)) = (log(x; + 1))
4 4
p:LT'y _"/T'y
xT - x p= T
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Normal Equation Method Normal Equation Method
q W ... |RWIH q W ... |RWIH

Implementation Wz I s Inspection of Source Code and Experiments W2 10 s

/// linear regression by normal equation method

template<typename T> -
T linear_regression(VT<T> drdp, VT<T> yobs) {
// conditions
assert(drdp.size()==nobs); | g_px.h | ‘ normal_equation.h I l main.h

assert(drdp.size()==yobs.size());

// normal equation |—| - . -
return drdp.dot(yobs)/drdp.dot(drdp); fnearegression ‘ rostrEam |

}

/// stationary point of error wrt. model parameter by linear regression
template<typename T>
T fit(T p, VT<T> xobs, VT<T> yobs) { [“contigh | =

// conditions T

assert(xobs.size()==nobs);

assert(xobs.size()==yobs.size()); EigenDense | | cassert | | cmath |

// run linear regression method

return Iinear_regression(dr_dp(p,xobs),yobs); — 1D/optimization/normal_equation/p[x]

implicit_euler_newton.h ‘ residual.h | | objective.h |
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Hands On! (Exercise 9) m

Exercise 9

Notes on 1. W2
» Implement the normal equation as void fit(T &p, VT<T> x, VT<T> y).
1. Fit y = p- x + x to randomly generated data (x,y). Visualize the results. > Use it to solve the linear }
) . ) o regression problem for randomly T e
2. Modn_‘y the codej frorn.the Iect.ure such that explicit Euler integration is generated data. Note that oar 1
used instead of implicit Euler integration. y—x=p-x 0af O
: . . . » Write a function ]
3. Modify the code from the lecture such that implicit Euler integration is . sl ]
. . . .. ; : , void plot(VT<T> x, VT<T>y) to
combined with bisection instead of Newton's method. Approximate r . .
. L . . generate a text file data o4l . 1
using central finite differences to achieve convergence. Run experiments .
. . . containing the random data. sl . i
with varying perturbations of p. o
» Use gnuplot to visualize the data st 1
Note that differentiability of all parts of the optimization method is highly as well as the algebraic model for — : P va—— '
desirable = differentiable programming. the estimated parameter p.
—> exercises/9/1/
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Exerci E i
ercise 9 B o | RWTH xercise 9 -
Notes on 2. Wz [0 g Notes on 3. W2

» Copy all relevant header files from the sample code, that is,

config.h linear_regression.h objective.h main.h
normal_equation.h explicit_euler.h residual.h

and, e.g., g_px.h into a separate directory.

» Copy all relevant header files from the sample code, that is,

config.h implicit_euler_bisection.h normal_equation.h
objectve.h linear_regression.h residual.h main.h

and, e.g., g_px.h into a separate directory.

» main.cpp becomes » main.cpp becomes

1 | #include ”g_px..l"n” 1 | #tinclude " g_px.h"

2 #!nclude ”epr|C|t_euIer..h ) 2 | #include "implicit_euler_bisection.h”

3 | #include r?ormal_equatllon.h 3 | #include " normal_equation.h”

4 #!nclude ”I|ne_ar_regre5510n.h” 4 | #include " linear_regression.h”

5 | #include "main.h"” 5 | #include "main.h"

2 i . . . .
Build and run to get » Replace the call to dr.dp with a call to dr.dp_cfd for approximating ¢’ with
e=1.29347 central finite differences.
p=—0.298436 :
6—0.910103 » E.g., Ap = 0.01 makes the method converge to p = —0.298394 WhICh
dedp=2.77556e—16 matches the value obtained by implicit Euler with Newton root findin

y Imp g
ddedpp=1.1742 (p = —0.298436) relatively well.
— exercises/9/2/ — exercises/9/3/
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Linear Regression
Householder Method P

Householder Method for Linear Regression

Executive Summary W2

Again, we aim to find p € R such that
r'-pxy,
where ¥ = ¥'(x) = g—;(x) and (x,y) € RMbs x RMbs,

So far, this objective has been reached by minimizing the error

Nobs —1

3 (F(p.x) — i)

i=0

yielding the gradient descent and normal equation methods.

A closer look at the geometry behind ¥’ - p &~ y yields a better (in the vector

case, numerically more stable than the normal equation) method.

» The Householder equation method follows from a geometric approach to
the linear regression problem.

» A simple, yet elegant, algorithm can be derived.
» It is applicable to Scenario 1 and Scenario 2.

» The Householder method for linear regression generalizes to the vector
case (p € R™, n, > 1), where it promises better numerical stability than
the normal equation method.

Naumann, Fundamental Numerical Methods for Model Parameter Estimation

Essential Linear Algebra / Geometry

Software and Tools

Law of Cosines 73

for Computational
Engineering

197

Operations on vectors are characterized by their effect on norms and relative
positions, i.e. the angle spanned by two vectors in R™. The law of cosines

Iz = lIe" =yl = I¢'lI> + [lyI* = 2 [['[] - [ly] - cos(6)

follows from

||Z||2 = (”y” - d)2 + h2 4]l

and 9
I3 H2 d? + h?

[yl

[=4]

implying

Izl = [I¢'lI> + llyll* =2 llyll - d r=y+z

and, hence, the law as d = ||r|| - cos(#).

A similar argument holds for h outside of the triangle spanned by r’,y and z.

Ny1r=a
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Essential Linear Algebra / Geometry ROWTH

Software and Tools.

i
Comput ko nal

Law of Cosines and Inner Vector Product | PR

The angle # spanned by two vectors ',y € R is characterized by
I,/T -y

cos(8 S
O = Tyl

The above follows from the law of cosines with
nobs_l

K =yl> = =y)"-(F—y) E:V& +yP =2 F(x) i

Nops—1 Nobs —1 Nobs—1
=2 PO+ D wP =2 ) ()
i=0 i=0 i=0

P12+ Iyl =2-¢'T -y

= IVII*+ Iyl =2+ [IF']] - llyll - cos(6) -

Naumann, Fundamental Numerical Methods for Model Parameter Estimation
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Essential Linear Algebra / Geometry Essential Linear Algebra / Geometry

] 11. snvnmeross | IRNNTH ) B cnems | RANTH
Law of Cosines Illustrated 2 [ e Law of Cosines lllustrated Wz 10 g
The following program computes the angle (in degrees) between two random
180° vectors in R? and it generates a gnuplot command for visualization.
; degrees = - radians A .
' T 0211234/0.680375% T 1 | using VT=Eigen::VectorX<double>;
0.211234 ~— 180° . 2
05%88/0}5606.;992;; = 4. % - radians 3 | // slopes of linear functions and lengths at points
osk i 180° 4 //.of intersection with v(1) and w(1), respectively
—_— """ . radians 5 | void plot(VT v, VT w) {
4 - arctan(1) 6 cout << "set size square; plot [—1:1] [-1:1] "
45 - radians 7 << V(1) << )<< v(0) << TR, T << (L) <<
or 1 " arctan(1) 8 << w(l) << '/ << w(0) << "xx, " << w(l) << endl;

o |}
10

4 1 |int main() {

o5 7 o7 y 12 int n=2;
6 = arccos (,7> (radians) 13 // two random vectors in R"2
15Tyl 14 VT v=VT::Random(n), w=VT::Random(n);
B ) ) ) . 45° < Ty ) 15 plot(v,w);
= ———— -arccos [ ———— :
1 05 0 05 1 arctan(l) ||r’|| . ||y|| 16 // radians to degrees

— 63.7589° 17 cout << (45/atan(1.))*acos(v.dot(w)/(v.norm()*w.norm())) << endl;
18 return 0;
v |}
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Essential Linear Algebra / Geometry

Geometric Projection

201

W, [ o comsiona

Engineering

From the law of cosines follows immediately, that the scalar projection of

r' € R™= onto y € R™ s given by

Naumann, Fundamental Numerical Methods for Model Parameter Estimation

Householder Reflection

Geometric Derivation

To transform v’ € R™ into ||¥’|| - g, twice the vector projection of r’' onto

v=r'—|r| - ep needs to be subtracted from r'.

r/T -y
Iryll = =¥ = cos(0) - I
Y HyH rl—r,T-V'L:rlT.v.v
- i . ' ‘ . v HVH HVH ||V||2 voxtpre. U R PR TP PP
0
o e corresponding vector projection is given PTovev verTay
2 2
Y v v o\
= Iy ST
= T2 [1x[[*
(vector of length ||ry|| pointing into same di- [[v]? o
rection as y). It follows

The scalar projection of ¥ € R™ onto the i-th standard basis vector e; € R

is given by |[rg || = '(x;).

The corresponding vector projection is given by ry. = f'(x;) - ;.

V] -eo=¢ —2-¢,=¢ -2

Naumann, Fundamental Numerical Methods for Model Parameter Estimation
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© ® N O s W N R

Householder Reflection

Geometry lllustrated

x"T=2 1
|Ix||=2.23607

v T=(x—||x||*e_0)" T=—0.236068 1

v Tx((x"Txv)/||v|[)=—0.121278 0.513743

0.894427 0.447214 v=x-lixil'ey
0.447214 —0.894427
x"T=(H#x)"T= 2.23607 3.33067e—16 ™) /M|

.
IxII°e,

— misc/householder_1D /householder_reflection_verbose.cpp

Householder Reflection

Algebraic Formulation W2

From the above it follows that

/72'V'VT-r/:r/
[lvi?

T T
V-V V-V
Hr/H-eozl’ 2‘VT'V'|',:(lm2'VT.V>'r,.

Note that a unit vector (length equal to one) in the direction of a given vector
v € R™bs js obtained by dividing v by its norm, i.e,

\'

ey = — .
Y vl

The Householder matrix

V'VT

H=1-2.
vi.v

is symmetric (H = HT) and orthogonal (H=! = HT); more on this later.
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Householder Reflection

] B sovemos | RANTH
Orthogonality 2

for Computational
Engineering

The product of an orthogonal matrix H € R™bs*"bs with two vectors
u,v € R™bs preserves their lengths as

(H- W) - (H-v)=v" - (HT -H)y.v=v" - (H ' H).-v=vT.v

as well as the angle 6 spanned by them as

(H-w)T-(H-v) _
[ ullz - [(H -]

(H-u)"-(H-v)
(H-w)T-(H-u)-(H-v)T-H-v
u” - (HT - H)-v)
(uT - (HT -H)-u)-(vT - (HT - H) -v)

u’ v

ul cu-vl.v

T,
__uv cos@ .
Jull2 - [v]]2

© ©® N o A W N R
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Householder Reflection

Implementation W2

The following program computes the Householder reflection of a random vector
onto the first standard basis direction.

template<typename T>
using VT=Eigen::VectorX<T>;

template<typename T>

VT<T> Householder(VT<T> x) {
VT<T> v=x; v(0)=v(0)—x(0)/fabs(x(0))*x.norm();
x=x—2xvx(v.dot(x)/v.dot(v));
return x;

}

Explicit computation of the Householder matrix can and should be avoided.

— misc/householder_1D /householder_reflection.cpp
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Linear Regression -
Householder Method P

Householder reflection can be used to solve the scalar linear regression problem.
It transforms ¥’ - p ~ y into

I¥l2-e0-p=H-¥-p~H-y

(reflection of ¥’ onto the first standard basis direction (eg) implies orthogonality
to remaining standard basis directions) using the orthogonal matrix
H € RMbs x RMebs,

Applicability to linear regression follows from

Householder Method
Geometry W2

The minimal distance between H -y and the, e.g., first standard basis direction
is equal to the geometric projection of H -y onto that direction:

[H - Y]o

[V]l2-e0-p~H-y -
[[¥/]]2

= p=

/ [H ) Y]O
IFl2-ec-p~H-y = p= 2l
2
ril*e, [(H*y] e,
where [H - y], denotes the i-th entry of the vector defined by the bracketed
expression. For simplicity, we typically write [v], = v;.
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Householder Method  RWTH Householder Method - RWTH
Geometry lllustrated Wz [0 g Implementation W2
Forv=r"—||V| - eo,
1 [ r°T=21 T v-(vTy
2 [H -yl [(I_z'z#"’).y]o [y—2~ ‘(’T")}o
3 yAT: 0.680375 —0.211234 - ”r/” - Hr/H = Hr/H 9
. 2 2 2
5 |H= N L
6 | 0.894427 0.447214 Hy . yielding
! 0.447214 —0.894427 px Hey 1 | /// linear regression by Householder reflection
8 Her' ) T— 223607 3.33067e—16 "o 2 | template<typename T>
o | (H*r')"T= 2. . e— o+ 3 | T linear_regression(VT<T> drdp, VT<T> yobs) {
10 0 -0 4 // conditions
1 | (Hxy)"T= 0.51408 0.493207 5 assert(drdp.size()==nobs);
12 . .
_ 6 assert(drdp.size()==yobs.size());
15 | p=0.229903 7 // Householder reflection
8 VT<T> v=drdp;
9 v(0)=v(0)—drdp(0)/fabs(drdp(0))*drdp.norm();
_ _ 10 VT<T> n=yobs—2xv/(v.dot(v))*(v.dot(yobs));
— misc/householder_1D /householder_regression_verbose.cpp 1 return n(O)/drdp.norm();
© |}
Again, explicit computation of the Householder matrix is avoided.
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Householder Method

Inspection of Source Code and Experiments W 10 Hands On! (Exerase 10) W2 [0 fpomputena
= == [ 1. Fit y = p-x — x to randomly generated data (x,y). Visualize the results.
e g | [ ooty 2. Modify the code from the lecture such that explicit Euler integration is

used instead of implicit Euler integration.

implicit_euler_newton.h ‘ residual h H ‘ objective.h |

‘ Note: Replace the normal equation method by the Householder method in

l ;nfig h dco.hpp .
| J Exercise 9 (1. and 2.).
Eigen/Dense ‘ ‘ cassert ‘ cmath ‘
— 1D/optimization/householder/p|x] — exercises/10/
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Newton Method
Outline Wz [0 g Executive Summary W2 10 gt
» “Finding a stationary point of a local quadratic approximation of the
objective” appears to be another reasonable heuristic for iterative
Scalar Case MR
minimization.
» The minimum of this local approximation can be computed exactly.
mphictt » Convergence of the Newton method is quadratic (fast) in a neighborhood
Optimization of the solution. It is not guaranteed.

» Good starting values (close to the solution) may be essential. They can be
Newton Method computed by some other preprocessing method, e.g., by a few gradient
descent steps.

» First and second derivatives of the objective are required. Their accuracy
can be crucial for the performance of the Newton method. AD becomes
the differentiation method of choice.
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Newton Method

Introduction

We aim to minimize the least squares error of the model predictions wrt. to the
given data, that is,

Nobs —1

min e = min Z (f(p,xi) — yi)?

P P ;
i=0

Similar to gradient descent, the Newton method is applicable to general
unconstrained nonlinear optimization problems.

It can be derived from a second-order truncated Taylor expansion of
e = e(p,x,y) in direction Ap.

Similarly, a first-order truncated Taylor expansion of the first-order optimality
condition €’ = 0 in direction Ap can be used.

Newton Method -
Derivation (Minimization of Quadratic Model) W

The truncated Taylor expansion

— 1 dke X
e(p+ Ap) =o(apn) kZ K dpk Ap”.
yields a minimization problem for a quadratic approximation (truncation after
Ap?-term) of the objective at the current p as

min <e(p) + €'

1
A e A 2
Ap Pt 2 ¢ P
The correponding first-order optimality condition implies the Newton step Ap
as the root of the first derivative of the local objective, that is,

/

e+ - Ap=0 = Ap:—e—

e/l
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Newton Meth
ewto . ot .Od. . . . W cnemero | RANTH
Alternative Derivation (Root of First-Order Optimality Condition) W2 5 i

A Taylor expansion of the first-order optimality condition

e =0
yields
TI1 dke
e'(p+Ap) ~o(ap) e'(p) + Z PR dpk - Ap-
k=1

and, hence, a linear approximation (truncation after Ap-term; also:

linearization) as

e/

e+e"-Ap=0 = Ap=——.
e
Validation of a local minimum at requires e” > 0. Similarly, a local maximum is
found if e’ < 0. €” = 0 indicates a degenerate stationary point.
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Newton Method
B | RWTH

Fixpoint Iteration W2 10 e

The Newton method can be written as the fixpoint iteration

which converges locally if & is locally contractive, that is,

dé

ae <1.
dp

- ’1 _€"(p) , €(p)- e”’(P)‘ _
e"(p) e"(p)?

)< ()
(PP

Convergence of the Newton method does not necessarily require local
convergence in each iteration. Locally divergent steps may lead into areas of
contraction.
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Local Convergence of Newton Method

Example

Consider the computation of a local minimum of e(p) = sin(p) using the
Newton method.

oSl sinp2 ——

"(p) =
— cos(p), yielding

¢(p) " (p) _
e//(p)2

Obviously, €’(p) = cos(p), e —sin(p),

and e”’(p) =

cos(p) - (— cos(p)
(—sin(p))?

Start values in the neighborhoods of k-7, k= ...,—1,0,1,... result in local
divergence, e.g., starting from x = 0.1 the local maximum at

x:3-7r+gz11 is found.

e” by Algor|thm|c Differentiation -
Tangent of e’ W2

First-order tangents

e//(l) e/l(l) _

‘RxR—=R: e”(l)(p./ pM)

Of16
"' R—>R: € =¢€"p)

yield third derivatives of

e:R—-R: e=e(p)
as
e//(1) — ¢ e )( (1)) . .p(l) ?
where p(t) =1 yields ,
e = Z; eR.

16Dependence of e’ on x is omitted to simplify the notation.
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e’ by Finite Differences
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Newton Method

B cnooni | RNNTH B cnoom: | RANTH
Feasibility Wz [0 g Implementation W B0 e
Alternatively, third-order finite differences could be employed, However ...
We use central finite differences to approximate derivatives of 1 | /// stationary point of error wrt. model parameter by Newton method
2 | template<typename T>
f(x) = 3 | Tfit(T p, VT<T> xobs, VT<T> yobs) {
4 // conditions
at x = 1 up to order eight. The following results are obtained. 5 assert(xobs.size()==nobs);
6 assert(xobs.size()==yobs.size());
[1] o [2] o 7 // derivative of error wrt. model parameter
(1) = 2.71828 (1) =2.7183 8 T dedp=de_dp(p,xobs,yobs);
fBl(1) = 2.71822 (1) = 2.72783 o | dof _ -
. 10 // Newton step requires second derivative of error wrt. model parameter
f[5](1) = 2.77225 f[ﬁl(]_) — 2.82998 1 p=p—dedp/dde_dp_dp(p,xobs,yobs);
7 g 12 dedp=de_dp(p,xobs,yobs);
fl ](1) 3.12907 £l ](1) 3.12907 13 } while (fabs(dedp)>eps);
14 return p;
. . . . 15
In practice, even second derivatives can become hard to approximate well. ;
— misc/higher_order_df/cfd.cpp
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Newton Method

Inspection of Source Code and Experiments

Software and Tools
for Computational
2 Engineering

implicit_euler_newton.h ‘ main.h

newton.h error_analysis_h iostream

g_pxy.h objective.h
[eoon | [ ceares |

Hands On! (Exercise 11) W I o

Use the Newton method to com-
pute local minima of

T
exp(sin(x**2)) ——
exp(sin(x**2))*cos(x**2)*2*x

y = esin(p-x2) )

Implement the required first and
second derivatives

1. symbolically

2. numerically (central finite
differences)

-3 3 -1 0 1 2 3

3. algorithmically (dco/c++).

Use AD to check for local convergence of the fixed-point iteration (third
derivative required).

‘ cmath ‘ cassert ‘ ‘ Eigen/Dense ‘
Experiment with different starting points and values of the parameter p.
7 1D/optimization/newton/ Record the number of iterations performed and compare with gradient descent.
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Exercise 11 B ... |RWTH , ... |RWTH
Notes Wz I e Outline Wiz 0 o
» Implement the Newton method (copy'n’paste from sample code).
» Implement the first, T df_dx(T p, T x), second, T ddf_dx.dx(T p, T x), and
third, T dddf_dx.dx_dx(T p, T x), derivatives of
Scalar Case
1 | template<typename T>
2 | TH(T p, T x) { return exp(sin(pxpow(x,2))); }
» Build and run to see
—++++ .. .
1= 1708 Optimization
y=0.367879

dfdx=3.23341e-14
ddfdxx=6.93436

for p = x = 1. The number of iterations is equal to the sum of the
numbers of +'s and -'s printed. The former indicate local contractiveness
while the latter do not.

» Play with p and x. Compare with the gradient descent method.

— exercises/11/

Nonlinear Regression Methods
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Nonlinear Regression

Executive Summary

Software and Tools
for Computational
2 Engineering

Nonlinear Regression

Linearization

for Computational
Wz 0 s

» Linearization of the residual yields an iterative method for nonlinear
regression problems (Scenario 3 and Scenario 4).

» Convergence is not guaranteed. Conditions apply.

» The iterative updates are computed as solutions to linear regression
problems. Both normal equation and Householder methods can be applied.

» Solutions can differ from those computed by, e.g., gradient descent or
Newton methods.

Reformulation of the first-order optimality condition

J_de_dir3
dp dp

in terms of a linearization in direction Ap of the residual r = r(p,x,y) as

dir+ G - 8pl3 _ djr+r - Ap|3 .

dAp dAp

yields an iterative optimization scheme for p as
p=p+Ap.

The first derivative ' € R of the residual r € R™b with respect to p is
required. It can be computed symbolically as well as by finite difference
approximation or by AD.

© ® N O A W N e
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Nonlinear Regression
& —

||
Implementation W2 10 s

// linear regression method (normal equation or Householder)
template<typename T>
T linear_regression(VT<T> drdp, VT<T> r);

/// stationary point of error wrt. model parameter by nonlinear regression
template<typename T>
T fit(T p, VT<T> xobs, VT <T> yobs) {
// conditions
assert(xobs.size()==nobs);
assert(xobs.size()==yobs.size());
T delta_p;
do {
// linearization
delta_p=linear_regression(dr_dp(p,xobs),r(p,xobs,yobs));
// iterative update
p=p—delta_p;
} while (fabs(delta_p)>eps);
return p;

}
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Nonlinear Regression
& e | FONTH

||
Linear Regression Methods | PY R

The linear regression problem
v - Ap~—r, rreR™ ApeR

can be solved by both the normal equation and Householder methods.

As before, local convergence of the fixed-point iteration
p=¢&p)=p+Ap

requires
1€pP) <1.
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Nonlinear Normal Equation Method

Nonlinear Normal Equation Method

o 11. commssarcos | IRNNTTHL ) . B cnoem: | RWTH
Derivation 2 [ e Alternative Derivation Wz 10 e
Nobs—1 ¢ s )2
The linear regression problem 0 div-Ap—rv2 d {Zizo (ri-Ap—r) }
dAp dAp
v Ap~ —r
Nops—1 Nops—1 )
. . =2- g rl(rl-Ap—r)= g rr*-Ap—rl-r
yields the normal equation — (- 8p = ri) — Pl
1= 1=
T 1T Nobs—1 Nobs—1
r r-Ap=—r r /2 / T /T
=Ap- E r”— g ri-r=Ap-r’ -r—v".r
and hence the solution i=0 i=0
/T
A r -r
p 7Ty implies
r/T r
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Nonlinear Normal Equation Method Nonlinear Householder Method
_ q : B .. | RWTH nin B .ooc. | RWTH
Inspection of Source Code and Experiments Wz [0 g Derivation W2 10 gt
[wane | Solution of the linear regression problem
/
v Ap= —r
normal_equation.h I implicit_euler_newton.h } Lmam.h
by the Householder method transforms the vector
error_analysis_h iostream , n ) ’ ,
S reR™ into H-r =, e
g_pryh residual h followed by the solution of
/ ~ .
= P K], - eo-Ap~—H-r
yielding
cmath J l cassert ‘ l Eigen/Dense [H . r]O
Ap = _f .
- A [r][2
— 1D/optimization/normal_equation/p[x]y
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Nonlinear Householder Method

Inspection of Source Code and Experiments

Software and Tools
for Computational
2 Engineering

Hands On! (Exercise 12)

Software and Tools.
for Computational
Engineering

householdelrl | implicit_euler_newton.h ‘ )

| | nenlinear_regression.h I

l error_analysis.h | |

iostream

|
configh

cmath ‘ cassert

[ Eigen/Dense

|

[otmn

— 1D /optimization/householder/p[x]y

Fit
y =sin(p-x?) .
to randomly generated data (x,y) using the

» nonlinear normal equation

» nonlinear Householder

» gradient descent (all: top plot)
» Newton (bottom plot)

methods. Perform data error analysis using
central finite differences, tangent and adjoint
AD, and symbolic differentiation.

— exercises/12/

T
"data” +

Sin(x++2)
Sin(-0.231365%x%2) ——

[l ¥
L sine<2) —
‘Sln('ﬁ 13.853%x**2) I
I

H
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Exercise 12
( ) B o | RWTH _ ... | RWTH
Notes 2 [ g Outline W2 1 i
Copy/paste from the sample code is your friend!
Blame the first Newton step ...
' ' ' E—
Vector Case

Models

Simulation

Optimization
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Vector Case
W 0 B

Executive Summary

Models and Simulation

for Computational
Wz 0 s

Executive Summary

» Both the state y € R" of the system to be modelled and its parameter
p € R become vectors.

» Many aspects carry over naturally from the scalar case.

» The main difference lies in linear equations becoming systems of linear
equations. The former were solved trivially by scalar division. The latter
require inversion of system matrices, which can yield a number of
challenges due to poor conditioning.

» This course assumes that this is not the case. Algorithmic aspects of the
previously introduced numerical methods will be generalized for the vector

» Two models defined as symbolic solutions y € R” of initial value problems
parameterized by p € R™ are introduced.

» They turn out to be linear and nonlinear in p, respectively. Linear as well
as nonlinear regression and general-purpose nonlinear optimization
methods shall be discussed.

» Both explicit and implicit Euler methods are employed for numerical
approximation.

» The latter yields a system of nonlinear equations to be solved by the
Newton method for vector root finding.

case. » All derivatives involved are computed by AD.
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Differential Models
Outline Wz 0 Initial Value Problem Wz 0 g

Vector Case
Models

The model

f:R"xR—R": y=f(p,x)

is defined as the solution of the initial value problem

dy . _
i g(p,x,y); y(p,0)=0.

X is often interpreted as time. Hence, it remains scalar.

Two scenarios are constructed,!” yielding a linear (in p; Scenario 5) and a
nonlinear (Scenario 6) model, respectively.

1"Not representing any real-world application, they are built for illustration only.
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Essential Terminolo
&Yy | [p— RWTH
Linearity Wi 1 i ommtatomal

The model f : R" xR — R" :y = f(p, x) is linear in p if
f(v+ux)="~f(v,x)+f(ux) and f(a-v,x)=a-f(v,x)
for all v,u € R™ and « € R.

Models of the form f(p,x) = A-p + b with A = A(x) € R"*" and
b = b(x) € R” are affine. Linear functions are affine with b = 0; see below.

Affine functions define linear systems n = n, as well as linear least-squares
problems n # n,,.

Roots of affine functions are defined implicitly as solutions of systems of linear
equations. Conditions apply.

Hands On! Wz 10 oot

Show that f(p, x) = A(x) - p with A= A(x) € R"*" is linear in p € R".

Proof:

fvtu)=A-(v+u)=A-v+A-u="f(v)+f(u)
flarv)=A-a-a=a-A-v=a-f(v)

for all v,u € R™ and o € R.
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Essential Terminology
Regularity [y pee

We consider the solution of systems
A-p+b=0
of n linear equations. The following statements are equivalent:
» Ais regular (also: invertible).
A solution to A- p 4+ b = 0 exists for any b.
A solution to A- p + b = 0 is unique, if it exists.

>

>

> Vp:A-p=0=p=0

» the columns (rows) of A are linearly independent
>

the inverse A™! of A exists and A~1-A=A-A"1 = [,, where [, € R"™"
denotes the identity in R", i.e, YWW e R": [,-v=v.

» det(A) # 0 (nonzero determinant of A)
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Essential Terminology
Conditioning W2 10 gt

Scalar models yield linear equations a- p+ b = 0. They are easily solved and
numerically stable. Small errors in b € R (as well as in a € R) imply small
(same order) errors in p € R.

Vector models yield systems of linear equations A - p + b = 0. Small changes in
b € R" can yield large changes in p € R" due to poor conditioning of

AeR®»*™ Eg.
po+p1=2 _ (2
po+1001-pp=2 —~ P— (o)

while
po+p1=2 (1
po+1.001-p =2001 ~ P~ <1> :

All systems of linear equations to be solved in the following are well-conditioned,
allowing us to focus on algorithmic instead of numerical issues.
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Differential Models

Scenario 5

Software and Tools
for Computational
2 Engineering

The model

f:R*"xR—-R": y=f(p,x)

Scenario 5
Implementation W2

. . . L. 1 | /// linear (in p) right—hand side of the explicit ordinary differential equation independent of y
is defined as the solution of the initial value problem 2 | template<typename T>
J 3 |[VT<T> g(VT<T> p, T x, VT<T> /*yx/) {
y . _ 4 // conditions
dx g(p,x); y(p,0) =0, 5 assert(p.size()==np); assert(np==2xn);
6 // result
where p 7 VT<T> dydx(n);
_ 1 8 // evaluation of result
g(p7 X) + P2 .
x+1 9 int i=0;
‘ —5. d 10 while (i.<n) { _
or np =<-nan 1 dydx(i)=p(i)/(x+1)+p(n+i);
_ (P1 12 i=i+1;
P= <p2> 13 }
14 return dydx;
with p; e R”, i =1,2. 5 |}
Independence of linear (in p) g on y yields a linear (in p) model (similar to
Scenarios 1 and 2).
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Differential Models m ... |RWTH Scenario 6 B o | RWTH
Scenario 6 Wz [0 g Implementation W2 10 gt
The model 1 | /// dependence of right—hand side on y yields nonlinear (in p) model
n n
f:R"xR—=R": y=f(p,x) > | template<typename T>
. . . . 3 |VT<T> g(VT<T>p, Tx, VI<T>y
is defined as the solution of the initial value problem Yy ConditiEmS A
dy 5 assert(p.size()==np); assert(y.size()==n); assert(np==2xn);
o . . 6 // result
& - g(p,X, Y)v Y(pa 0) =0 ’ 7 VT<T> dydx(n);
8 // evaluation of result
where n, =2 - n and 9 int i=0;
o | dydx()=p(i)ex/(y(1)+1)4+p(i+1)s/ (y(i+ 1)+ 1)+p(n--i);
i+1 pj-x . 11 i=i+1;
J 2 =i 1 TPoti 0=0 2 | while (i<n—1) {
Ly} = O B P i=n—1 | dydx(i)=p(i= 1w/ (y(i=1)+1)+p()x/(y()+ 1)+ 1)/ (Y1) 1)p(n )
X | . Y 14 i=i+1;
i +1 i . !
Z}:ifl yljJ+X1 + pnii otherwise . 5 |}
16 | dydx(i)=p(i—1)sx/(y(i—1)+1)+p(i)sx/ (y(i)+1)+p(n-+i);
Dependence of g on y yields a nonlinear (in p) model despite of g being linear 1; ) return dydx;
in p (similar to Scenarios 3 and 4).
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Differential Models

Simulation

Wanted:
y=f(p,x) eR"

for fixed p € R™ and given x € R.

The unknown function f(p, x) is expected to be

differentiable

Essential Terminology
Continuity W2

Let x be fixed. The multivariate vector function f : R" — R" y = f(p) is
continuous at a point p € R™ if

lim () = £(p)

p—p

All univariate scalar (sub-)functions

and, hence, Y G(P/)
continuous

. . become continuous for j =0,...,n—1,/i=0,...,n,—1 and fixed for k # i.
over the domain of interest. =0, ’ ’ 0, 1 Pk 7
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Essential Terminolo Essential Terminolo

) . gy B .o | RWTH ent gy B .. | RWTH

Differentiability Wz [0 g Derivatives W2 10 gt

The multivariate vector function f : R"™ — R"  y = f(p) is differentiable at
point p € R" if there is a matrix g—[’; € R"*™ such that

df
ﬁp+Am:f@%+a;Ap+r

with asymptotically vanishing remainder r = r(p, Ap) € R", such that

df

dp is the Jacobian of f.

The matrix

The Jacobian of a multivariate scalar function (n = 1) is a row vector in R1*".
Its transpose is the gradient ' € R of f.

The first derivative of the gradient wrt. p is the Hessian Zipg € R™*" (the
second derivative) of f.

If the derivative of f’ is continuous, then f is twice continuously differentiable

Irl — and its Hessian is symmetric, i.e.,
9
se0 [Ap]
T
*f dPf
2 . dpo?2 = dp?

where ||.|| denotes some vector norm, e.g., ||.|| = ||.||5 (squared Euclidean P p

norm).
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Essential Terminology RWTH

Jacobians

The Jacobian f/ € R™ " is a linear operator mapping an argument vector onto
a result vector. Two linear functions are induced. We distiguish tangent

and adjoint
ya) - ' =p@) € R .

As the Jacobian of the gradient of f, the Hessian f” induces similar mappings.

More generally, every matrix implies corresponding tangent and adjoint
functions.

In the scalar case, tangent and adjoint become one and the same due to
commutativity of scalar multiplication. Validity of this statement in the context
of AD is limited due to data flow reversal in adjoint mode.

Essential Terminology . RWTH
Taylor Expansions W2

Taylor expansions for the vector case follow naturally.

If f:R"% — R, then

f(p+ Ap) = f( )+d—f Ap+I.ApT af Ap + O(||Apl3)
p pP)=1(P dp Pt 5 4P dp? P P2
The Jacobian g—; € R" maps Ap € R™ to a scalar as the result of a scalar

(also: inner) vector product. Similarly, Z—f) € R and Ap € R yielded Z—; -ApeR
in the scalar case.

The Hessian jipi € R"%*"% maps Ap’T € R™*™ to Ap' - Zipﬁ € R¥™" (adjoint)
followed by the inner vector product with Ap € R" (tangent yielding tangent
of adjoint). Similarly, Ap - Zip’; -Ap = Zipg - Ap? in the scalar case.
Associativity of matrix multiplication yields an analogous formulation as adjoint
of tangent.
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Essential Terminology - RWTH
Taylor Expansions W e

The Hessian of the multivariate vector function f : R — R" is a three-tensor

&f

e R Xnp
dp3

While the fundamental logic of the argument remains unaltered, the more
involved notation yields additional complication (“index war").

Hence, we state the first-order Taylor expansion only.

df
f(p+28p) = F(p)+ - Bp + O(1ApI)

The Jacobian Z—; € R™ " maps Ap € R™ onto a vector in R” in consistency

with both f(p 4+ Ap) € R” and f(p) € R".
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|. [ for Computationsl
utline 2 B S

Vector Case

Simulation
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Explicit Euler Method

Executive Summary

Explicit Euler Method

Derivation |7

The explicit Euler method replaces the derivative in

dy
» The explicit Euler method is applicable to both scenarios. dx g(p,x,y(p,x))

o _ ] _ _ with a forward finite difference in direction 0 < Ax < 1 yielding
» Local linearization (first-order truncated Taylor expansion with step size

Ax) yields a numerical approximation of % by a forward finite difference. y(p, x + Ax) — y(p, x)

Ax

= g(p, x,y(p,x))

> A sequence of systems of explicit algebraic equations is evaluated to

integrate the differential model from x = 0 to x = 1 and, hence, the iterative approximation of the solution as

» An error of order > O(Ax?) is induced. y(p, x + Ax) =y(p,x) + Ax- g(p,x,y(p, x))

for given y(p,0) = y°(p). In the given Scenarios 5 and 6, y° = 0 is independent
of p.
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Explicit Euler Method o RWTH Explicit Euler Method

Algorithm W 0 e Implementation |

// integration step size
T delta_x=x/m;
// initial position fixed to zero
x=0;
// initial state fixed to zero
VT<T> y=VT<T>::Zero(n);
int i=0;
while (i<m) {
// explicit Euler step
y=y+delta_x*xg(p,x,y);
x=x-+delta_x;
i=i+1;
}

return y;

m

1 | int m=100; // number of integration steps
2
3 | /// explicit Euler simulation of differential model
. . . . . . 4 | template<typename T>
The e.pr|C|t Euler method evaluates the following sequence of explicit algebraic s |[VT<T> f(VT<T> p, T x) {
equations 6 // condition
7 assert(x>0);
8
9

. . X . )
yl+1:y’+;'g(p7xl)yl)7 1:07"'7m_1

N s e =
& W N = O

for given initial value y° at x® and number of integration steps m > 0.

=R e e
® N o O

Note the obvious similarity with scalar case.

NN
= o ©

}

N
N}
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Explicit Euler Method

Inspection of Source Code and Experiments

Software and Tools
for Computational
2 Engineering

| g_pxyh I I explicit_suler.h | _rnain.h

‘ EigenlDerE‘ | cassert chath ‘

— nD/simulation/differential /explicit_euler/

Parameter Sensitivity Analysis

Approximate Directional Derivative by Forward Finite Difference |7

For f : R" — R", truncation of the Taylor expansion at p = (p;) € R™ in
direction

Ap=(Ap))eR™:0< Ap;i< 1, i=0,...,n,—1

after the first-order term yields

f(p+ Ap) = f(p) + f'- Ap + O(||Ap|)3) (linearization)

and, hence, a second-order accurate approximation of the Jacobian-vector
product f' - Ap at p as

f'- Ap = f(p + Ap) — f(p) + O(||Ap|3) .
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Parameter Sensitivity Analysis RWTH.

Software and Tools

Approximate Directional Derivative by Backward Finite Difference 73 gncern

Analogously, truncation of the Taylor expansion at p = (p;) € R™ in direction
—Ap=(—-Ap)eR":0< Api< 1, i=0,...,n,—1

after the first-order term yields

f(p— Ap) = f(p) — - Ap + O(|| Apl[3)

and, hence, a second-order accurate approximation of the Jacobian-vector
product f'- Ap at p as

f1.Ap = f(p) — f(p — Ap) — O(||Ap|2) .
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Parameter Sensitivity Analysis
y Analy oz | RWTH

||
Approximate Jacobian by Forward Finite Difference | PYAR

Setting Ap = Ap;-e; for i =0,...,n, — 1 yields a first-order accurate
approximation of the i-th column of the Jacobian at p as

f(p+ Api-e;) — f(p)
Ap;

floe = + O(Ap))

and, hence, a method for computing a forward finite difference approximation
of the whole Jacobian.

‘

Note that for n, = n =1, there is a single standard basis “vector” eg € R : g = 1 yielding

the scalar forward finite difference
_ f(p+4p) - f(p)
Ap

f + O(Ap),

where p = pp.
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Parameter Sensitivity Analysis

Approximate Jacobian by Backward Finite Difference

Setting Ap = Ap; -e; for i =0,...,n, — 1 yields a first-order accurate
approximation of the j-th column of the Jacobian at p as

f’~e,-:

and, hence, a method for computing a backward finite difference approximation
of the whole Jacobian.

The case np = n =1 yields the scalar backward finite difference

Parameter Sensitivity Analysis

Approximate Jacobian by Central Finite Difference "

Similar to the scalar case, addition of

f(p+ Ap;-e) — f(p)

f' e =
€ Ap;

+ O(Ap;)
and

f(p) — f(p— Api - &)
Ap;

yields a second-order accurate approximation of the i-th column of the

Jacobian at p as

f’-e,-:

— O(Api)

f(p+ Api-e)) —f(p—Ap;-e;)

fe = +0O(Ap?)
f —f(p—A ! . . !
g fP—f(p—4p) O(bp) 2 Ap;
Ap . . .
X and, hence, a method for computing a central finite difference approximation of
where p = pp. .
the whole Jacobian.
The scalar central finite difference f/ = %Afp(pﬂp) — O(Ap) follows immediately.
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Implicit Euler Method Implicit Euler Method
P B oo | RWTH P B .ooc. | RWTH
Executive Summary W 0 e Derivation W2 10 e

» The implicit Euler method is applicable to both scenarios.

» Local linearization (first-order truncated Taylor expansion with step size
—AXx) yields a numerical approximation of % by a backward finite
difference.

P> A sequence of systems of implicit algebraic equations is solved to integrate
the differential model from x =0 to x = 1.

» The corresponding roots are computed by the Newton method.
» An error of order > O(Ax?) is induced.

» The implicit Euler method can remain stable (with bounded error) for
larger step sizes than the explicit Euler method.

The implicit Euler method replaces the derivative in the ODE with a backward
finite difference yielding

Y(PaX) - y(p7X - AX)
Ax

= g(p, x,y(p,x))

and, hence, y(p, x) as the solution of the algebraic equation

y(p,x) —y(p,x — Ax) — Ax - g(p, x,y(p,x)) = 0.

The solution is approximated iteratively for given y(p,0) = y°(p) and Ax > 0.
In the given Scenarios 5 and 6, y° = 0 is independent of p.

The error of order Ax? of the implicit Euler method can remain bounded for
larger steps sizes than the explicit Euler method. This improved stability comes
at a higher computational cost due to multivariate root finding.
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Implicit Euler Method
Algorithm

The implicit Euler method iteratively solves the following system of nonlinear

Implicit Euler Method

Implementation "

Many numerical methods for nonlinear problems, such as

rely on local replacement of the target function with an affine (in Ay)
approximation derived from the truncated Taylor expansion and “hoping” that

dr
r(y+Ay)%r(y)+jy-Ay,

with a reasonably small error. Note that g—; = dr(y) € R"*" for Scenario 6,

T dy
where g = g(y).

The solution of a sequence of such linear problems is expected to yield an
iterative approximation of the solution to the nonlinear problem.

; : o i 1 | /// implicit Euler simulation of differential model
equations (also: implicit Euler equation): > | template<typename T>
3 [VT<T> f(VT<T>p, T x) {
; i i1 xm P . 4 // conditions
ry )=y -y ——-glp,x,y)=0, i=0,....m—1. 5 assert(x>=0); assert(p.size()==np);
m 6 // integration step size

For given initial value y°(p) at x° = 0 and number of integration steps m > 0 T T ‘_13_|t_33<:>_</m?_

the method approximates a root of the residual defined by the left-hand side. : f/_'g_'t'a' position fixed to zero

The residual is implemented as follows: 10 // initial state fixed to zero

1 VT<T> y=VT<T>::Zero(n);

1 | /// residual of implicit Euler equation 12 int i:0_;
2 | template<typename T> 13 while (i<m) {
3 |[VT<T> r(VT<T>p, T x, VI<T>y, VT<T> y_prev, T deltax) { 14 // implicit Euler step
4 // conditions 15 y=newton(p,x,y,delta_x); // root of implicit Euler equation
5 assert(x>=0); assert(delta_x>0); assert(p.size()==n_p); 16 ?<:.x+delta)<;
6 assert(y.size()==n); assert(y_prev.size()==n); 17 i=i+1;
7 // residual 18 }
8 return y—y_prev—delta_x*g(p,x,y); 19 return y;
9 |} 20 |}
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Root Finding - RWTH Root Finding - RWTH

Linearization W 0 Newton Method W2 10 e

Building on the assumption that r(y + Ay) ~ r(y) + g—; - Ay, the root finding
problem for r can be replaced locally (at the current y) by the root finding
problem for its linearization

_ dr
r(Ay) = r(y) + dy Ay .

Solution of the system of linear equations

dr
= Ay =
r(y) + dy y=0
for Ay yields
dr 1

implying r(y + Ay) ~ 0. The Jacobian g—; is required to be invertible. It can be
computed by tangent AD.
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Newton Method
Algorithm %

If the new iterate is not close enough to the root, i.e., [r(y + Ay)| > € for some
measure of accuracy of the numerical approximation € > 0, then it becomes the
starting point for the next iteration yielding the recurrence

dr . .
—d—;(y’)_l-r(y’) fori=0,....

—_————
:Ayf

i+1 __ i
y =

In the sample code, the Newton step Ay’ is computed as the solution of the
system of linear equations (also: Newton system)

dr

dfy(y") Ay = r(y)

with a direct linear solver from the Eigen library (e.g., LU-factorization).

Newton Method

Convergence W2

Convergence of the Newton method is not guaranteed in general.

Local contractiveness in all iterations is a sufficient (not necessary) condition
for the convergence of the Newton method, which can be regarded as a fixed
point iteration

An argument similar to the scalar case yields linear growth of the convergence
rate with decreasing values of Hd—fyH

For vanishing first derivative of f wrt. y we get at least quadratic convergence;
cubic for vanshing first and second derivatives and so forth.

. - 2
For linear problems (constant g—; = vanishing g—yg), the Newton method
requires a single iteration to converge.
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Newton Method -

Implementation 2

So
for Computational
Engineering

/// Newton method for computing root of implicit Euler system
template<typename T>
VT<T> newton(VT<T> p, T x, VT<T>y, T deltax) {
// conditions
assert(x>=0);
assert(delta_x>0);
assert(p.size()==np);
assert(y.size()==n);
// state computed by previous implicit Euler step
VT<T> y_prev=y;
// residual of implicit Euler system
VT<T> r_=r(p,x,y,y-prev,delta_x);
do {
// Jacobian of residual by tangent AD
MT<T> drdy=dr_dy(p,x,y,y-prev,delta_x);
// Newton step solves system of linear equations
y=y-+drdy.lu().solve(—r_);
r-=r(p,x,y,y-prev,delta_x);
} while (r_.norm()>eps); // convergence criterion
return vy,

}
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Newton Method
. . B s | RWNTH
Direct Methods for Solving the Newton System W2 10 gt

The Newton system

dr, . , -

1 . A 1 — 1
*dy(y )- Ay = r(y')
needs to be solved in each iteration of the Newton method.

Both direct and indirect (iterative) linear solvers can be used. The latter yield
so-called inexact Newton methods. Our sample software uses direct solvers
provided by the Eigen library that are based on LU- (also known as LR-) LL-,
LDLT-, and QR-factorizations of the regular system matrices.

Pivoting is often employed to control numerical conditioning. The following
brief introduction to direct solvers excludes pivoting.

Naumann, Fundamental Numerical Methods for Model Parameter Estimation 279

Naumann, Fundamental Numerical Methods for Model Parameter Estimation 280



Direct Methods for Solving Linear Systems
"Low-Hanging Fruits”

Diagonal system matrices yield linear systems the solution of which amounts to
the solution of mutually independent linear equations.

All diagonal elements need to be nonzero to ensure regularity.

Inversion becomes particularly simple due to

Direct Methods for Solving Linear Systems
" Low-Hanging Fruits” W2

Lower / upper triangular system matrices yield linear systems the solution of
which amounts to simple substitution.

1. Lower triangular system by forward substitution, e.g.

G D) C)=0) = =)

-1 1
d0,0 do,o
2. Upper triangular system by backward substitution, e.g.
1
d; i = di. 1
0o ¢ y 4 4] -
d 1 3 1 3 7
n—1,n—1 d
n—1,n—1
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Direct Methods for Solving Linear Systems “Low-Hanging Fruits”
_ _ & y B oo | RWTH _ ging B .ooc. | RWTH

" Low-Hanging Fruits” W 10 s Making of ... Wz 10 et

For orthogonal A € R"*" the solution of A - x = b simplifies as

x=A1t.b=A"-b,

e.g.,

Householder matrices fall into this category. They form the basis of
QR-factorization, yielding orthogonal @ € R"*" and upper triangular R € R"*"

Direct methods for the solution of linear systems aim to represent A as a

product of diagonal, triangular and/or orthogonal matrices, e.g,

A = L - R with lower triangular L € R"*" and upper triangular R € R"*"
= L-v=b; R-x=v

A= L-L" with lower triangular L € R"™%"
= L-v=b:; LT -x=v

A=L-D-L" with diagonal D € R"*" and lower triangular L € R"%"

= L-v=b: D-LT - x=v
A = Q@ - R with orthogonal @ € R"™" and upper triangular R € R"*"

= v=QT-b; R-x=v
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Derivation 2 [l o gemaatens Derivation W2
From From

a b™ (1 0 a bT a a’\ (p O p bT
a A.) \a L. 0 R. a A, b L.)J\o L]

) 1 ) ] it follows that
with o € R, a,b € R"~* and lower / upper triangular matrices
L., R, € R=1x(n=1) it follows that a=p% a' =p-b"; A,=b-bT +L,-LT

a=oq«a-a; and hence
A* :al'bT+L*'R*
p=a
and hence b= 2
_a T ' T
al_a L,-L, =A.,—b-b" .
L,-R.,=A,—a;-b’
A is required to be symmetric positive definite.
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—1.D.IT - 0. ici
A=L-D-L" andA=Q-R m ... |RWTH Implicit Euler Method B o | RWIH
Comments W 0 e Inspection of Source Code and Experiments W B0 e
A=L-D-LT

A LDLT -factorization eliminates the need for computing square roots in
LLT-factorization. It can thus be applied to indefinite systems. Note that

A=L-D-LT=L-VD-VD-LT=L.-vD-vD -LT=L-vVD-(L-VD)T,

where v/ D denotes the diagonal matrix with entries equal to the square roots of
the corresponding diagonal entries of D.

A=Q- R

A QR-factorization of the system matrix can be computed, e.g., by the
Householder method. The solution of systems of linear equations (square
system matrices) represents a special case of the linear regression problems to
discussed in more detail further below.

| g_pxy.h | I implicit_eulerh | rmain_h |

config.h dco.hpp
|

Eigen/Dense | | cassert F:math ‘

— nD/simulation/differential /implicit_euler/
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Vector Case

Optimization

timization
Op B ... | RWTH

Executive Summary W I e

» The parameter estimation (also: calibration) problem can be considered as
an unconstrained nonlinear optimization problem.

» General-purpose nonlinear optimization methods such as the gradient
descent and Newton methods can be employed for its solutions.
Conditions apply.

» Linear (in the parameter to be estimated) models (Scenario 5) enable the
use of more efficient linear regression algorithms such as the normal
equation and Householder methods.

» Linearization and linear regression can be combined for the calibration of
nonlinear models (Scenario 6). Conditions apply.
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Optimization
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Models W, I
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We consider the models given by numerical solutions of the two initial value
problems described by Scenarios 5 and 6, that is,

Scenario 5:
ﬂ _ P1
dx x-+1

forn,=2-nand p= (s;) with p; e R", i =1,2.

+ P2 y(pao) = 07

Scenario 6:
dy
ol g(p,x,y); y(p,0) =0, where n, =2-n and
i+1 pj-x .
dy Z_;::i ;j_,’_l + Pn+i I = 0
[a} = Z}_’ziﬂ Z@Xl +pPnyi T=n—-1
' Zjli,l_l ;’J+X1 + poii otherwise .

© ©® N o A W N R

=
[ SIS
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P B . | RWTH
 Computation:
Data Wz 0 e

We consider randomly generated data

(X, Y) € RMbs x RMb=x"
= (Xi)i:O,...,nobs—l

X
Y = (¥1)0,....npe—1 = (Vij)i=0,....nope—1, j=0,....n—1

e.g.,

int n=3; // e.g. 3—dimensional state space
int nobs=5; // e.g. 5 observations

template<typename T>
using VT=Eigen::VectorX<T>;

template<typename T>
using MT=Eigen::MatrixX<T>;

VT<double> xobs=VT<double>::Random(nobs); // random entries in [—1,1]
xobs=xobs.cwiseProduct(xobs); // random entries in [0,1]
MT<T> yobs=MT<T>::Random(nobs,n); // random entries in [—1,1]
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Optimization
Residual and Error e e | NTH
The residual vector
r=r(p,x,Y E(f x:)]. — ) € Robs'n
(p.x.Y) [f(P. ')]f Yid) o, Nobs—1,j=0,...,n—1

yields a scalar least squares error as

© ©® N O G A W N

e
= o

Optimization
Objective

for Computational
Wz 0 s

We aim to minimize the least squares error of the model predictions wrt. the
given data, that is, min, e where e = e(p, x, Y') is implemented as follows:

/// least squares error of model predictions relative to observations
template<typename T>
T e(VT<T> p, VT<T> xobs, MT<T> yobs) {
// conditions
assert(p.size()==np);
assert(xobs.size()==nobs);
assert(xobs.size()==yobs.size());
// least squares error
T e=0;
int i=0;
while (i<xobs.size()) {

n—1 —1n— . .
5 T flobs 1 5 fobs— 1 n—1 2 12 e=e+(f(p,xobs(i))—yobs.row(i).transpose()).squaredNorm();
e=epx V)= r3=rTr= > =3 S (Mo i) - w| =
i=0 i=0 j=0 14 }
15 return ¢;
6 |}
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Optimization Gradient Descent Method
prim: N H ... | RWIH : m ... |RWIH
Optimality Conditions W 0 e Executive Summary W B0 e

The objective

nobs—l n—1

e= Y (flp.x)j — yij)

i=0 j=0

features a (unique'®) stationary point at p € R, where

de\ "
/: E— =
° - (dp> ’

This stationary point is a local minimum if the Hessian e’ = Z—pi € R X% js
symmetric positive definite, that is, V0 # v € R" :

T 1"

vi-e"-v>0.

18 if e is strictly convex, i.e. its Hessian is globally symmetric postive definite

» “Going downhill” appears to be a reasonable heuristic for minimization.

» The negative gradient points downhill. It represents the direction of
steepest descent.

» The main question is about “how far” to follow it in order to ensure a
decrease in the objective. Line search is employed.

» The accuracy of the first derivative can be crucial for the performance of
gradient descent. Exact differentiation methods are required instead of

numerical approximation by finite differences.

» AD remains the preferred method.
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Optimization -
Gradient Descent | 73

The negative gradient points into the direction of steepest descent.

Starting from some initial estimate for the stationary point p € R", the
gradient descent method iteratively takes steps in direction of the negative
gradient,

p:=p—¢€ while || >e€.

Less progress is made as ||€’| — 0.

No further local decrease in the function value can be achieved at a stationary
point, where ||¢'|| = 0.

Validation of a local minimum requires for the Hessian ¢” € R™*" to be
positive definite.

Gradient Descent

Local Convergence W2

The gradient descent method amounts to a fixpoint iteration as
p=2¢&p)=p—¢.

The above converges locally, that is, there is a neighborhood of the current

iterate p such that a gradient descent step yields a decrease in ||e’(p)|, if & is

locally contractive, that is, if

=, —-¢€"<1.

dé
dp
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Gradient Descent snemenes | IRANTH

Line Search '1, o Compnion

It remains to be decided how large the step into the current descent direction
should be. The step size is typically damped in order to ensure continued
progress toward minpecrn e(p, X, Y) yielding the recurrence

p=p—a-e while|ée]>e.

The damping parameter « is often determined by the line search, e.g., by
iterative bisection starting from o = 1. More rigorously, optimal « can be
computed that maximize the decrease, which is rarely done due to higher
computational cost.

The gradient descent method with line search is globally convergent (in infinite
precision arithmetic). Convergence is linear (slow).

© © N o ¢ A W N e

N L O T
N B O © ® N o o &~ ® N = O
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/// stationary point of error wrt. model parameteris by the gradient descent method
template<typename T>
VT<T> fit(VT<T> p, VT<T> xobs, MT<T> yobs) {
// conditions
assert(p.size()==np); assert(xobs.size()==nobs);
assert(yobs.rows()==nobs); assert(yobs.cols()==n);
// derivative (gradient) of error wrt. model parameters
VT<T> dedp=de_dp(p,xobs,yobs);
int i=0;
do {
// simple line search
T alpha=1; T e_=e(p,xobs,yobs);
VT<T> p_trial=p—alpha*dedp;
while ((e(p-trial,xobs,yobs)>=e_)&&/(alpha>eps)) { // simple line search
alpha=alpha/2; p_trial=p—alphax*dedp;
}
// result of last gradient descent step
p=p-trial; dedp=de_dp(p,xobs,yobs);
i=i+1;
} while (dedp.norm()>eps&&i<pow(10,6)); // (guaranteed) convergence criterion
return p;

}
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Gradient Descent

e e === | .
Discussion 2 [ ey

Gradient Descent

Inspection of Source Code and Experiments

» ¢’ should be computed by adjoint AD applied to e.
» ¢ should be computed by tangent AD applied to €.

» If " is symmetric positive definite (spd), then Cholesky factorization

| gradient_descent.h | ‘ main.h

yields a factorization into L - LT with lower triangular L € R"% > | apxyh || explicit_eulerh | | objective h
» A simple spd test to ensure a local minimum can be implemented with the
Eigen Iibrary as follows: | config.h | | deo.hpp |
cout << "spd(dde_dp_dp)="
<< (dde_dp_dp(p,xobs,yobs).llt().info()!=Eigen::Numericallssue)
<< endl; Eigen/Dense cassert ‘ cmath ‘
Output “1" indicates success, while “0" does not.
— nD/optimization/gradient_descent/
Naumann, Fundamental Numerical Methods for Model Parameter Estimation 301 Naumann, Fundamental Numerical Methods for Model Parameter Estimation 302
Data Error Analysis - RWTH Data Error Analysis - RWTH
Motivation W e Symbolic Differentiation W B

As in the scalar case, data error analysis can be performed by computing

@ e ]Rnpx(nJrl)-nobS
dv ’
where
0= (e nas) B
i i:O,....,nobs—l
using

> finite differences

» tangent AD

» adjoint AD

» symbolic differentiation.

Large sensitivity of p wrt. a data point implies (at least) the need for more
precise observation techniques.

For given data

(x, Y) € R%s x RMX"

and model

Y = (y/'T)i:O,...,nobs—l

f:R"xR—R":y="f(p,x)

parameter estimation computes p € R™ such that the least squares error of
model predictions wrt. the data is minimized, that is,

p := ¢(p,v) = argmin,e = argmin,

Nobs — 1

> I (px) —vill3

i=0
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Data Error Analysis
Symbolic Differentiation

Linear Regression

Executive Summary W2

Let p = p(v) = argmin,e(p, v) for the twice continuously differentiable
objective e : R™ x R("1) s _, R Differentiation of the first-order optimality
condition

de
T(pﬂ V) =0
at the solution p € R" wrt. v yields
d’e B 85*; . d’e dp 0
dpdv 0w dp? dv
~—— N~~~ ~— ~—~
ER”PX"obs GR”PX"ObS GR"PX"P ER"PX”obs

and, hence, % as the solution of the following n, systems of ngs simultaneous

linear equations:

» Linearity of the model in its parameters yields linear regression problems
(e.g., Scenario 5).

» Exploitation of their special structure yields better performing numerical
optimization methods, including normal equation and Householder

methods for linear regression.

» Parameter estimation amounts to a quadratic minimization problem.
Linear regression methods compute the unique solution very efficiently.

» The numerical stability or the normal equation method may become

d2e dp ode d2e T unsatisfactory. Hence, the numerically more stable Householder method
d v . .
— o = 9 _ [ Zov will be also be discussed.
dp? dv ov dp
Naive AD of ¢ can be avoided.
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Linear Regression Linear| Regression
& B ... | RWTH [Linear] Reg m ... | RWTH
Model and Data Wz 0 Objective Wz 0 g

We consider the model given by the numerical solution of the initial value
problem described by Scenario 5, that is,

ﬂ: P1
dx x+1

+p2; y(p,0) =0,

hmb:2-nwdp:($)Mmp;GRﬂi:L2

The model is linear in p as g(p, x) is linear in p and does not depend on the
state y.

We consider randomly generated data

(x’ Y) c R”obs X Rnobsxn

We aim to minimize the least squares error of the model predictions wrt. the
given data, that is, minp e, where

Nops-N—1 Nops—1 n—1

e=epxY)=rE=r"r=3 =3 3 (o) ~yi;)
=0

k i=0 j=0
with residual vector

ridﬁ&ﬂ%(W&&m—mﬁﬁ e R |

i=0,...,nops—1,j=0,...,n—1

where y = (yx) € R"™" denotes the row-wise serialization of Y &€ R"bs*",

For linear regression,

X = (X;)i=0,....ngps—1 df Nops -1
—Yyee b: — = J— 2. — v . obs
e Mobs r=r(p,x,y) = dp (xi)-p Yintj €eR .
Y = (¥ij)i=o0,....ngpe—1, j=0,...,n—1 - J i=0,...,nope—1,j=0,...,n—1
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[Linear] Regression

Normal Equation Method

Optimality Conditions W2 10 Derivation | W2 1) o Commtsons
The error From
Nops—1 n—1
_ f i A VA Nops—1 n—1 2
e= ([F(ps xi)]; — vij) de d
/ R 5 % _ 9 [F(p. )]
i=0 j=0 dp - dp P, Xi — Yij
. . . i=0 j=0
features a (uniquel®) stationary point at p € R", where iy )
d " ([df( ) }
T = — Xi) P| —Vij model linear in p
e = <de> =0 dp i=0 j=0 dp J
dp Nops—1 n—1 d df 2
= E —_— ——Xi)-P| —Vij element-wise differentiation
o L o . P . — ;dp [dp( ) } e

This stationary point is a local minimum if the Hessian e’ = d—p‘; € R™ X% js ==

symmetric positive definite, that is, VO # v € R Mobs 1 n—1 df d
= 2. p(X: L R Al R (X:) P| —Yij

viie” v>0 i=0 j=0 J
Nobs—1 n—1
S5 df df e
=2 § (xi)-p| — iy apz ~©
i=0 j=0 P J p
19 if e is strictly convex, i.e. its Hessian is globally symmetric postive definite
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Normal E ion Meth Normal E ion Meth
ormal Equation Method B o | RWIH ormal Equation Method m ... | RWIH
Derivation Il W 0 Example W2 10

”obs_:l
df df
=2 Z ( T I)T_y/'T>'d—p(Xi) rows of Y:( )

r drT dr o dr
dp dp -y dp

it follows that

e,_deT dr " dr dr "

ge _ar ar ,_9 L,—o
dp dp dpp dp y ’

and, hence, the normal equation

w o)
dp dp pidp y

yielding the solution of the linear regression problem g—; ‘pRY.

df
=0 row-wise serialization y = (y,T) of Y, ( d_p(XO)

If Nops = np = n = 2, then

df (Xl)

corresponding to the linear regression problem

_%(XO)_ 0 _d—pl(XO)_ 0

[ ] [ ) Yo,0
_%(XO)_ 1 _j—/:l(xo)_ 1 <Po> Yo,1
(o (o] [aron] | -
SN EAC S I W
%(Xl)_1 a(x) .

= (G00)7 G0a)T) -y =0e R
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Normal Equation Method

Normal Equation Method

) H1. sonremon | IRNNTHL ] ) B e | RWTH
Implementation 2 [ ™™ Inspection of Source Code and Experiments W2 [0
1 | /// linear regression by normal equation method | normal_equation.h | | linear_regression.h | main.h
2 | template<typename T>
3 | VT<T> linear_regression(MT<T> drdp, VT<T> yobs) {
4 // conditions
5 assert(yobs.size()==nobsx*n); explicit_euler.h | | g_px.h | residual.h |
6 assert(drdp.rows()==nobs#n);
7 assert(drdp.cols()==np);
8 // normal equation .
9 return (drdp.transpose()*drdp).llt().solve(drdp.transpose()*yobs); | config.h | | deo.hpp |
0 |}
Eigen/Dense cassert ‘ cmath ‘
— nD/optimization/normal_equation/px
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Linear Regression Householder Method
g B .. | RWTH _ _ B .ooc. | RWTH
Householder Method W I Symmetry and Orthogonality of Householder Matrix W2 10 e

Recall that Householder reflection transforms the scalar linear regression
problem v’ - p =~ y into

1l
0

Ht-p=|rf2-eo-p= p~H-y

0
using the orthogonal Householder matrix H € R™bs*"bs (H = HT = H~1). The
transformed linear regression problem is feasible due to preservation of vector

Obviously, H™ = H as

Ay vy T
HT:<I,,,—2-V "> :/m—z-u:/m—z.: Y _H

vl .v vl .v

implying symmetry of H. Orthogonality of H follows from

lengths and of relative positions of r’ - p and y under multiplication with H. The vl - vovT vl
resulting linear equation =lp—2 -2 =——+2- —— 2. —
I¥ll2-p=[H-y] M S S
2 - .
0 P vovl A vo(vlov)-vl
has the unique solution - m T . v T4 (vT -v)-vT v
H-y
:[ /]O. :Im:Hfl_H.
"]l
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Householder Method

QR-Factorization

To solve the linear regression problem

dr
dp p=Yy

with y € R™'" denoting the row-wise serialization of Y € R™=*" 3 sequence
of n, Householder reflections H;, i = 0,...,n, — 1, is applied to the
subdiagonal elements (including the diagonal element) of the columns of

Householder Method

Factorization |7

The j-th column of g—; contains neps — j subdiagonal elements (including the
diagonal element). The corresponding Householder matrix

I:IJ. I R(”obs__j) ><(nobs__/.)

yields
I, 0
H. — <J o > 6 Rnobsxnobs )
J 0 H,

where the leading principal (j x j)-submatrix is equal to the identity /; in R/.
This structure ensures that H; does not modify the j first rows of

¢ IR Mobs nxnp
dp
dr
to get a QR-factorization as Hi_1-...-Hp- d—p
dr - )
?:Q'R:Hn"_l""'HO'R' nor the J first entries of
P H;_1 - “Hy-y.
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Householder Method - RWTH Householder Method - RWTH
Solution Wz [0 g Implementation | W2

QR-factorization of 4t € R"™="*" yields

Q-R-p=y
implying
R-p~Q-y
as
QT = (Hpy—1+...-Ho)" = Hy HT |
=Hoteo o Hyty = (Hppr o HO) P =Q7T,
and, hence,

as the solution of the system of linear equations with an upper triangular
system matrix R € R™»=*"%_ Q is orthogonal. It is typically not symmetric.

© ® N o O A W N

N O
H S © ® N o O & @ N = O

/// linear regression by Householder reflection
template<typename T>
VT<T> linear_regression(MT<T> drdp, VT<T> yobs) {
// conditions
assert(yobs.size()==nobsxn); assert(drdp.rows()==nobsx*n); assert(drdp.cols()==np);
// factorization
MT<T> R=drdp, Q_transpose=MT<T >::Identity(nobs*n,nobsxn);
VT<T> p(np);
int ij;
j=0;
while (j<np) {
VT<T> x=R.col(j);
// ensures identity as leading principal (j x j)—submatrix of H
i=0;
while (i<j) {
x(i)=0;
i=i+1;
}
// computation of j—th Householder matrix
VT<T> v=x;
v(5)=v(§) —x()/fabs(x(i))#x.norm();
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Householder Method

Implementation Il

Software and Tools
for Computational
2 Engineering

VT<T> c=2xv/(v.dot(v));

MT<T> H=Eigen::MatrixX< T >::Identity(nobsxn,nobsxn)—2%vxv.transpose() /v.dot(v);
// update of Q" T

Q_transpose=Q_transpose—cx(v.transpose()*Q_transpose);

// update of R

R=R—cx*(v.transpose()*R);

Householder Method B e | RWTH

Inspection of Source Code and Experiments 2 10 o gonpuatons
| householder.h | | linear_regression.h | main.h

28 j=j+1;

29 }

30 // solution (backward substitution) explicit_eulerh | | g_px.h | residual.h |

31 VT<T> r=Q_transposexyobs;

32 i=np—1;

33 while (i>=0) {

34 j=np—1; | config.h | | dco.hpp |

35 while (j>i) {

% (i)=r(i)—R(ij)*p(); j=j—1;

37 } &

38 p(i)=r(i)/R(i,i); i=i—1; Eigen/Dense cassert ‘ cmath ‘

39 }

40 return p;

41 } — nD/optimization/householder/px
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Newton Method Optimization

W oo | RNNTH

'1 for Computational
2 Engineering

Executive Summary

» “Finding a stationary point of a local quadratic approximation of the
objective” appears to be another reasonable heuristic for iterative
minimization.

» The minimum of this local approximation can be computed exactly.

» Convergence of the Newton method is quadratic (fast) in a neighborhood
of the solution. It is not guaranteed.

» Good starting values (close to the solution) may be essential. They can be
computed by some other preprocessing method, e.g., by a few gradient
descent steps.

» First and second derivatives of the objective are required. Their accuracy
can be crucial for the performance of the Newton method. AD remaines
the differentiation method of choice.

B e | RANTH
o ool
|7

Engineering

Newton Method

As before, we aim to minimize the least squares error of the model predictions
wrt. the given data, that is,

nobs—l n—1

min € = min (f(vai)j - yi,j)2
0

P P
i=0 j=

Similar to gradient descent, the Newton method is applicable to general
unconstrained nonlinear optimization problems.

It can be derived from truncated Taylor expansions of e = e(p,x, Y) in
direction Ap.
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Newton Method
Derivation (Minimization of Quadratic Model)

A quadratic approximation of the objective e € R at p € R, that is,
truncation of the Taylor expansion

1
e(p)+ ()" -Ap+5 - ApT-e”- Ap+ O (||p]7)
after Ap?-term, yields

1
: ~ o NT | - T 1
Amin, é(Ap) = min e(p)+ () -Ap+ 5 Ap' - Ap.

Differentiation yields

1
e(p) + (e’)T -Ap + 5 -ApT e Ap = (e/)T +ApT e € RY¥M

Newton Method
Derivation (Minimization of Quadratic Model) W

The error e is assumed to be twice continuously differentiable wrt. p implying
symmetry of the Hessian

T
e’ = E — E c R XM
— \dp? dp?

From the first-order optimality condition & = 0 it follows that

e+e -Ap=0 =A0Ap=—(et €.
The Newton step Ap € R" is computed as the solution of the (symmetric,

ideally positive definite) system of linear equations (Newton system)

dAp
1 _ A
implying e’ Ap=—e
d T
& = EAp))] =€ +e"-Ap. followed by the update p = p + Ap.
dAp
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Newton Method

Newton Method

B sovemos | RANTH B s | RWNTH
Alternative Derivation (First-Order Optimality Condition) W 0 Implementation W2 10 e
A solution to . 1 | /// stationary point of error wrt. model parameter by Newton method
min e(p) 2 | template<typename T>
P 3 |VT<T> fit(VT<T> p, VT<T> xobs, MT<T> yobs) {

satisfies the first-order optimality condition 4 | // conditions

5 assert(p.size()==np); assert(xobs.size()==nobs);
/ 6 assert(yobs.rows()==nobs); assert(yobs.cols()==n);
e =0 .
7 // gradient of error wrt. model parameter
. o ) . ) 8 VT<T> dedp=de_dp(p,xobs,yobs);

Linearization, that is truncation of the Taylor expansion 0 int i=0;

10 do {
e(p) + (GI)T . Ap +0 (||Ap||2) 11 // Newton step requires Hessian of error wrt. model parameter
12 MT<T> ddedpp=dde_dp_dp(p,xobs,yobs);
. N | LDLT f: izati fi

after Ap—term ylelds 13 // ewto.n s1I:ep S(-) \.IEd by acto.nzatlon to account for
14 // potential indefiniteness of the Hessian
15 p=p+ddedpp.ldit().solve(—dedp);

/ " m—1 s
e+e-Ap=0 =Ap=—(e')" €. 16 dedp=de_dp(p,xobs,yobs);

17 i=i+1;

and, again, the Newton step Ap € R™ as the solution of the system of linear 18 |} while ((dedp.norm()>eps)&&(i<1000)); // guaranteed to terminate

equations ¢’ - Ap = —¢’. Validation of a local minimum at requires the Hessian ~ * ) return p;

.. .. . 20
e” to be positive definite at the solution.
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Newton Method

Inspection of Source Code and Experiments

Software and Tools
for Computational
2 Engineering

| newton M [ main.h
@ect\ive. h

’ gJ)Xy.h—l | explicit_eulerh |

‘ dcn_m

| config.h |

Eigen/Dense cassert _cmath

— nD/optimization/newton/pxy

Nonlinear Regression Methods

Executive Summary

for Computational
Wz 0 s

» Linearization of the residual yields an iterative method for nonlinear
regression problems (Scenario 6).

» Convergence is not guaranteed. Conditions apply.

» The iterative updates are computed as solutions to linear regression
problems. Both normal equation and Householder methods can be applied.

» Solutions can differ from those computed by, e.g., gradient descent or
Newton methods.
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Nonlinear Regression Problem
g B ... |RWTH

Recall W B o
Model:

f(x,p) : RxR"™ — R"
Data:

(x,Y) € R x RMeb=*"

X = (Xi)i:07---7nobs_1
Y = (¥i)i=0,....ngpe—1 = (Vi j)i=0,....nope—1; j=0,...,n—1

Residual:

RMebsn r(X, P, Y) = (r,-(x,-, p7y"))i:0,.4.,nobs—l = (f(X,', p) —VYi)izo,....np—1 0

Objective:

Nops—1 Nobs—1 n—1

€= E(X, P Y) = ||r(x, P Y)”% = Z ||rl'(Xl'7p’yl')||§ = Z Z(f(xiap)_yi,j)z :

i=0 i=0 j=0
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Nonlinear Regression
Linearization

B e | RANTH
o ool
|7

Engineering

Formulation of the first-order optimality condition

de _ d|r|l3

dp  dp

=0
in terms of a linearization (linearity in Ap) of the residual r = r(x,p, Y) as

dllr + % . Ap|3
dAp

yields a [damped] iterative optimization scheme for p as
p:=p+[a]Ap

for 0 < a < 1. The Jacobian g—; € RMebs' XM s required.
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Nonlinear Regression
Variants HE Bt

The linear regression problem

— Ap~ —r, rcRMs" dr € R = Ap € R
dp dp

can be solved using, e.g., the normal equations and Householder methods.
Convergence of the fixpoint iteration p = G(p) = p + Ap requires

IG"(p)]| <1

at the solution p* implying existence of a neighborhood of p* containing values
of p for which the fixed-point iteration converges to this solution.

Nonlinear Regression
Normal Equation Method W2 [ o Comomien

The linear regression problem

dr
dp
yields the normal equation
dr\’ dr dr\’
—) - —.ap=—(—) -F
(dp> dp P <dp>
————

N——

AT<A€RHPXHP GR”PX"obs’"

which can be solved by LLT (LDLT) factorization of the symmetric matrix
AT A

This method is also known as the Gauss-Newton method.
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Normal Equation Method
Derivation [y pee

A= g = (a;)f "t € R "M% and b = —r = (b))% "' € R™=" yield

T Nobs*N— T
duA-Ap—m@) _ (d Dl 1(a,~-Ap—b,-)2>

R"% 50 =
’ ( dAp

m-n—1 ‘ Nobs*N—1
:2-< (a,--Ap—b,-)-a,-> = a,-T-(a,--Ap—b,-)

i=0 =0
Nops-N—1 Nops-N—1
= al -ai-Ap— > al bj=A"-A-Ap-AT-b
i=0 i=0

implying

T T
a\" e (T
dp dp dp
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Normal Equation Method
Regularization [

Regularization aims for improved numerical stability through reducing
singularity of the system matrix and yielding, e.g., the Levenberg-Marquardt
method

dr\’ dr dr\ '
— ) ==X, |-Ap=—(—) -F
((dp> dp ”) P <dp>

Different strategies for initialization and evolution of A € R exist.

Naumann, Fundamental Numerical Methods for Model Parameter Estimation 335

Naumann, Fundamental Numerical Methods for Model Parameter Estimation 336



Nonlinear Regression
Householder Method

Software and Tools
for Computational
Engineering

.

Solution of the linear regression problem

dr

L Ap~ —
dp P '
by Householder reflection factorizes the matrix

dr dr
— € R™sX™%  into — =Q-R
dp S into dp Q

with orthogonal @ € R™®s*Mbs and upper triangular R € R™b=*" followed by

the solution of
R-Ap~—-QT-r

yielding
(R-Apo,....n,—1 = (R)o,....n,—1- Ap = (QT - F)o,....n—1

as the solution of an upper triangular linear system (backward substitution).

© ©® N o U A W N R
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Nonlinear Regression
Implementation

for Computational
Wz 0 s

// stationary point of error wrt. model parameter by nonlinear regression
template<typename T>
VT<T> fit(VT<T> p, VT<T> xobs, MT<T> yobs) {
// conditions
assert(p.size()==np); assert(xobs.size()==nobs);
assert(yobs.rows()==nobs); assert(yobs.cols()==n);
T e_=e(p,xobs,yobs);
do {
VT<T> r_=r(p,xobs,yobs); MT<T> drdp=dr_dp(p,xobs,yobs);
// linearization
VT<T> delta_p=linear_regression(drdp,r.);
// simple line search
T e_prev=e_, alpha=2;
do {
VT<T> p_trial=p;
alpha=alpha/2; p_trial=p_trial—alphaxdelta_p;
e_=e(p,xobs,yobs);
} while (e_prev<e.);
// iterative update
p=p—alphaxdelta_p;
} while (de_dp(p,xobs,yobs).norm()>eps);
return p;

}
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Nonlinear Regression

Inspection of Source Code and Experiments

Software and Tools
[ for Computational
2 Engineering

househelderh l nonlinear_regression.h l ‘ main.h
explicit_eulerh g_pxy.h | residual.h | | objective.h |
| cenfig.h ‘ ’ dco.hpp ‘

’—cmath ‘

‘ EigenlDen;‘ ‘ cassert

— nD/[normal_equation | householder]/pxy
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